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Bipartite Graph

e A bipartite graph is a graph whose vertex set can be divides into 2
disjoint sets such that no two graph vertices within the same set are
adjacent.

e A bipartite graph does not contain odd cycles

e The Petersen graph is not a bipartite graph




Properties of Graphs

« A graph I'is said to be connected if for any two vertices u and v in
there exists a path u->... >v.

o A graph I is said to be vertex-transitive if Aut(l') acts transitively on the
vertex set of I.

o A graph I is said to be 2-arc-transitive if Aut(l') acts transitively on the
set of 2-arcs {u >v >w}of T.
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Distinguishing number (of a graph)

* The distinguishing number D(I') of a graph is the least integer
such that has a vertex labeling with labels that is preserved only
by a trivial automorphism.

 The distinguishing number D ,(G) of a group G acting on a set A

IS the least integer k such that there exists a partition I1 of A into k
parts such that only the identity of G stabilises each part.



Distinguishing number for K,

Let A and A’ be two parts of I, then for every u in A and every vin A’, there exists
an arc between u and v.

G=Aut(l) is isomorphic to Sym(n) wr Sym(2)

G=G*:<x>, where x is an involution swapping A and A’ and G*=H X K, where H and
K are isomorphic to Sym(n)

o The induced action of G* on A is Sym(n) \ 1 J
« D(G)=n+1 ] 2 2
| 3 3,




Motivation

 Devillers, Morgan, Harper: The distinguishing number of quasiprimitive(all of
the non-trivial normal subgroups are transitive) and semiprimitive groups

e Investigate the distinguishing number of non-bipartite graphs
e Most of them have distinguishing number 2

o If Iz K and G quasiprimitively act on I such that G is not Sym(n) or Alt(n),
then D(G)<5.




Result of Seress

o If X is a primitive group of degree n and Alt(n) is not contained in X,
then either D(X)=2, or (X, n) is listed below
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TABLE 1. The affine groups X < Sym(n) in the set P TABLE 2. The almost simple groups X < Sym(n) in the set P

Groups with D(X) =3

Sl = D[] CE b9 5,9
D [52] 5,3] [7,4] 8,2] 19,4] X PSL25)  PSL(2,7) PGL(27)  PSL(2,8  PIL(28)
X Dy Fy Fy, 2.Fy 3%.Ds [10,2] [10,3] [10,4] [10,5] 10, 6]
19, 5] 19, 6] [9,7] 16, 16] (16, 17] Sym(5) Alt(6) Sym(6) Alt(6).2,  Alt(6).2;
32.8.2 32SL(2,3) 32.GL(2,3) 24TL(2,4)  24.Alt(6) 10,7 [11,5] [12,2] 12,3 [13,7]
16, 18] 16, 19) [16,20] 132, 3] Alt(6).2°  PSL(2,11) PGL(2,11) My PSL(3,3)
2Sym(6)  2'Al(T)  2LA(8)  2°.GL(52) 14,2) [15,4] [17,7) 17,8] 2L, 7]
Groups with D(X) =1 PGL(2,13)  Alt(8) PSL(2,16).2 PIL(2,16) PTL(3,4d)
[22,1] [22,2) [23,5] [24,3]
D [8’ 3 M3, My,.2 My My
X 2GLE2) Groups with D(X) = 4.
D [6,2] [7,5] [11,6] [12,4]

X PGL(2,5) PSL(3,2) My My




Quotient graph

Input: connected graph '=(V,E) and

o G is contained in Aut(l), G transitive on E

e N normal subgroup of G

Output: normal quotient I/N=(V/N,E/N)

« V/N set of N-orbits in V

« E/N N-orbit pairs connected by at least 1 edge
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Results about the quotient graph of a bipartite
graph

e Praeger: I’ a G-vertex-transitive (G,2)-arc-transitive bipartite graph, if N
is an intransitive subgroup of G with more than 2 orbits on V I, then N
is semiregular (i.e. the stabiliser of any point x in N is trivial). Moreover,
the quotient graph is also (G/N,2)-arc-transitive bipartite graph.

o Devillers-Morgan-Harper 2018: Let G act transitively on a set I and N
be a semiregular (i.e. the stabiliser of any point x in N is trivial) and

intransitive subgroup of G, then D(G)< D(G/N).



Our strategy

e Need to find a normal subgroup N of G contained in G* (an index 2
subgroup of G which has exactly two orbits A and A’ ) such that N is
intransitive on both A and A’. Then N has at least 2 orbits on each side

of I and therefore there are more than 3 orbits.
o Pick N carefully so that G+ /N acts quasiprimitively on A/N and A’/N.

o Note that D(G)< D(G/N).



Theorem

Let I be a G-vertex-transitive (G,2)-arc-transitive bipartite graph and N be
an intransitive normal subgroup of G contained in G*that is maximal
subject to being intransitive on both A and A’. Then N is semiregular on

VI. If D(GT)>2, then
s Nisnormalin G

o(l) I/Nis K, G*/N is primitive on both A/N and A’ /N

oor (2) G*/N is faithful and quasiprimitive on both A/N and A’ /N.



Case (2) of Theorem

« Faithfulness of G*/N implies that
G*/N ={(x,y)[x in H, y in K},

where H acts on A/N and K acts on A’ /N, where x=yf, where f is some
automorphism of H.

 This implies that once the symmetry on A/N is broken, the symmetry
on A’/N is also broken.



D(G)< D((G*)4)




Numerical Bound

Let I be a G-vertex-transitive (G,2)-arc-transitive bipartite graph

o Take the normal quotient, then we have D(G)<D(G/N)

« If G*/N is not containing Alt(n), then G+/N acts faithfully on both
M:=A/N and M’:=A’/N and so D(G/N)< D((G*/N)")

« Since G*/N also acts quasiprimitively on l1, we know that D((G*/
N)1) is bounded by 4

o« Hence D(G) <4



Main Theorem

Theorem 1.1. Let I be a bipartite connected G-vertex-transitive, (G, 2)-arc
transitive graph with G < Aut(T"). If D(G) = 3 then one of the following holds:

1. T = K¢, G+ = Diag_(H x H) where H = Alt(6) or Sym(6) and ¢ is an
outer automorphism of Sym(6), and D(G) = 3;

2. ' =K,n—nKs, G=Alt(n) x C3 and D(G) = [/n — 1| withn = 6;
3. I'=K,,—nKs, G=Sym(n) xCs and D(G) = |\/n| +1 withn > 4;
4. I' =K, n, and
n—1 i Gt = Alt(n) x Alt(n)
D@ ={n  i#G*=(Alt(n) x Alt(n), ((1,2), (1,2)))
n+1 if GT = Sym(n) x Sym(n)
5. T'= Kgs—8Ka, G2 AGL(3,2) X Cz and D(G) = 3;
6. I' = Kgs, G=AGL(3,2) 1 C2 and D(G) = 5;
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