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e E(I') C 2-subsets of V(I')

distance between two vertices: number of edges in shortest path
diameter of I largest distance between two vertices in I’

automorphism of I': permutation on V/(I') preserving E(I")
Let G < Aut(). T'is

G-vertex-transitive: G is transitive on V(')

G-arc-transitive: G is transitive on ordered pairs of adjacent vertices

(arcs)
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Given 2-dimensional vector space V,S C V* such that S = —S:
Cayley graph I' = Cay(V, S):

o V(N =V o E(N ={{u,v}|u—veS}

Some properties:
@ S = neighbors of Oy
e [ is connected <= (S) =V

o diam(lN<n < VCSU(S+SU...U(S+5+...+5)

~

-~

n copies
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N~
~

2)—(0,1)=(2,1) e S = {(2,2),(0,1)} € E(T)
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Preliminaries

Example: I'= Cay(V, 5) ©00)
(1,1) (2,2)
o V=F;8F;
o S={(1,1),(1,2),(2,1),(2,2)} (2,0) (1,0)
(0.1) (0,2)
(1,2) (2,1)
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Preliminaries

Let N 9 G < Aut(l'). G-normal quotient I'y:
e V(I'y) = set of N-orbits in V(I')

) {01,02} c E(FN) < Jup € Ol,U2 € 0, s.t. {Ul,UQ} c E(F)

Some properties:
e diam(I'y) < diam(I")
@ [ connected = [y connected
o [ G-vertex-transitive = 'y G/N-vertex-transitive

o [ G-arc-transitive = 'y G/N-arc-transitive
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N=~Cay(V,S), V=FaoFs;, S={(1,1),(1,2),(2,1),(2,2)}
G := group of translations of V

N := translations by elements F3 & {0y}

N<G < Aut(lN

(11) ©0 (2.2)
(2.0) (1,0)
(01) (02)
(12) (21)
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N=~Cay(V,S), V=FaoFs;, S={(1,1),(1,2),(2,1),(2,2)}
G := group of translations of V

N := translations by elements F3 & {0y}

N<G < Aut(lN

(1,1) (0.0) (2,2) (0, 1)V
(2,0) (1,0)
N N
(1.2) (2.1) 'y = complete graph of order 3

Dacaymat J.M.T. (UP Diliman)

45th ACC



Background

Normal quotient reduction:

’arc—transitive, diameter two graphs‘

'y vertex-quasiprimitive, I'n quotient-complete,
diam(Fy) =2 diam(Fy) =2
proper normal quotients proper normal quotients

are trivial are complete or empty
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G := group of translations of V
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= Cay(V,S), V=F;aFs; S=1{(1,1),(1,2),(2,1),(2,2)}
G := group of translations of V

Four N < G: translations by F3 & {0y}, {0v} & F3,((1,1)), and ((1,2))

(0,0)

(1,1) (2.2)
(2,0) (1,0)
(0,1) (0,2)

(1.2) (21)
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= Cay(V,S), V=F;aFs; S=1{(1,1),(1,2),(2,1),(2,2)}
G := group of translations of V

Four N < G: translations by F3 & {0y}, {0v} & F3,((1,1)), and ((1,2))

(1,1) (00 (2,2) E
(2,0) (1,0)
—
(0.1) (0.2)
(1,2) (2.1)

[ is quotient-complete with k = 4
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Background

Definition

I" is G-quotient-complete if:

@  at least one proper normal quotient [y that is nontrivial and
complete, and
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Background

Definition

I" is G-quotient-complete if:

@  at least one proper normal quotient [y that is nontrivial and
complete, and

@ every other proper normal quotient is either complete or has no edges

k := no. of proper normal quotients of a quotient-complete graph

General problem:

Classify arc-transitive, quotient-complete, diameter-two graphs
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Classification status

k>3: H<GL(V) Problem 1
Case H £ T'L1(q): (Amarra, Giudici, Praeger, 2012) vdiam 2, H £ TL1(q)
Case H <TLi(q): (De Vera, MSc Thesis 2021) ? diam 2, H <TL(q)

Quotient-complete
arc-transitive I

k=1or2 Problem 2
some examples known ? diam 2

k := number of proper normal quotients
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Quotient-complete, arc-transitive, k > 3

Theorem [Amarra, Giudici, Praeger, 2012].

I" is G-arc-transitive, G-quotient-complete, with at least 3 nontrivial
complete G-normal quotients —>
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Theorem [Amarra, Giudici, Praeger, 2012].
I" is G-arc-transitive, G-quotient-complete, with at least 3 nontrivial

complete G-normal quotients —> I = Cay(V/, S) for some vector space V
and G < AGL(V). In particular:

e V=UosU U=F,

o G=Ty x Gp.

@ Go={(h,h)| he H},H < GL(U) transitive on U*
@ S is a Gg-orbit in V,
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Quotient-complete, arc-transitive, k > 3

Theorem [Amarra, Giudici, Praeger, 2012].
I" is G-arc-transitive, G-quotient-complete, with at least 3 nontrivial

complete G-normal quotients —> I = Cay(V/, S) for some vector space V
and G < AGL(V). In particular:

o V=UaU U=F,q

o G=Ty x Gg.

@ Go={(h,h)| he H},H < GL(U) transitive on U*
@ Sisa Go-orbitinV,S=-5,0,€5,(5)=V

Unknown: Diameter two I' when H < T'L;(q).
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Quotient-complete, arc-transitive, k > 3

FL1(q) = (1,&), g=p9, 7 isthe Frobenius automorphism,

@ is multiplication by primitive w
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FL1(q) = (1,&), g=p9, 7 isthe Frobenius automorphism,

@ is multiplication by primitive w

Theorem [Foulser, 1964], [Li, Lim, Praeger 2009].

H < TLy(p?) is transitive on Fy <= H = (&°,0°7°) with c, e, s € Z satisfying

Fl. c>0andc|p?—1,
F2. s>0ands|d, and
F3. 0<e<candc|e(p?—1)/(p°—1).

F4. e>0andc|e(p= —1)/(p°—1), and

F5. ifl < c <cthenct e(pSs —1)/(p° —1).
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Quotient-complete, arc-transitive, k > 3

FL1(q) = (1,&), g=p9, 7 isthe Frobenius automorphism,

@ is multiplication by primitive w

Proposition (De Vera, MSc Thesis 2021).

H < TLy(p?) is transitive on Fy <= H = (&°,0°7°) with c, e, s € Z satisfying
either (c,e,s) = (1,0,s) with s | d, or all of the following:

fl. ¢ >1,
f2. cs|d,
f3. 0 < e < c andgcd(c,e) =1,

f4. p* =1 (mod d') for every prime divisor d’ of ¢, and

f5. p=1 (mod 4) whenever 4 | ¢ and s is odd.
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I' G-arc-transitive, G-quotient-complete, k > 3, H < I'L1(q)

N=Cay(V,S), G=TyxGy S a Gp-orbit
V=F,®F, H=(@a0%), S=(L,N%

Theorem (Main Result 1).
2 < diam(T) < 4

Sketch of proof:
o [ is connected <= X ¢ Fix((7°))
e (c,e,s)=(1,0,s), s|d = diam(l') =2
o If X ¢ Fix(7°) and (c, e, s) satisfies f1 to f5:
o S#AV* = diam(l) > 2
o VCS+S+S+S = diam(I) <4

Dacaymat J.M.T. (UP Diliman) 45th ACC



Results

Open problem: sufficient conditions to have diam(I') = 2
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Open problem: sufficient conditions to have diam(I') = 2
Appears to depend on S = (1, \)%.
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Results

Open problem: sufficient conditions to have diam(I') = 2
Appears to depend on S = (1, \)%.

g=281, H= <d)2,dj7'>.
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Results

Open problem: sufficient conditions to have diam(I') = 2
Appears to depend on S = (1, \)%.

q=281, H= (0% ar). I=Cay(V,S), S= (1, is:
o disconnected, if A € {1,2}

o diameter 4, if A € {w!% w?° w30, W30 W 70}
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Results

Open problem: sufficient conditions to have diam(I') = 2

Appears to depend on S = (1, \)%.

q=281, H= (0% ar). I=Cay(V,S), S= (1, is:
o disconnected, if A € {1,2}
o diameter 4, if A € {w!% w?° w30, W30 W 70}
o diameter 3, if

= {w’ w3’ w47w127w13’w317w41’w437w44’w527w53’w71}
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Results

Open problem: sufficient conditions to have diam(I') = 2

Appears to depend on S = (1, \)%.

q=281, H= (0% ar). I=Cay(V,S), S= (1, is:
o disconnected, if A € {1,2}
o diameter 4, if A € {w!% w?° w30, W30 W 70}
o diameter 3, if
A € {w, w3, wh, w!2, w!3, w3t Wil w3, W W52, W53, W)

o diameter 2, if A € {w?, W% w®, ...} (24 graphs)
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Classification status

k>3: H<GL(V) Problem 1
Case H £ T'L1(q): (Amarra, Giudici, Praeger, 2012) vdiam 2, H £ TL1(q)
Case H <TLi(q): (De Vera, MSc Thesis 2021) ? diam 2, H <TL(q)

Quotient-complete
arc-transitive I

k=1or2 Problem 2
some examples known ? diam 2

k := number of proper normal quotients
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Problem 2

Some G-arc-transitive, G-quotient-complete graphs with k =1 or 2:
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Problem 2

Some G-arc-transitive, G-quotient-complete graphs with k =1 or 2:

@ Kn[K,], the lexicographic product of complete graph K., and empty
graph K, has k =1
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Problem 2

Some G-arc-transitive, G-quotient-complete graphs with k =1 or 2:

@ Kn[K,], the lexicographic product of complete graph K., and empty
graph K, has k =1

Q@ K, x K, the direct product of complete graphs K, and K, has k =2
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Problem 2

Some G-arc-transitive, G-quotient-complete graphs with k =1 or 2:
@ Kn[K,], the lexicographic product of complete graph K., and empty
graph K, has k =1
Q@ K, x K, the direct product of complete graphs K, and K, has k =2

© (Amarra, 2018) Some latin square graphs from Cayley table of

elementary abelian groups has kK =1 or 2
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Results

Let g be a prime power, r | g — 1,
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Let g be a prime power, r | g — 1, I = Cay(V,5)
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Let g be a prime power, r | g — 1, I = Cay(V,5)

V=F,aF,,
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Let g be a prime power, r | g — 1, I = Cay(V,5)

V=F,&F, S={(a,pB):ap isa nonzero perfect rth power}
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Let g be a prime power, r | g — 1, I = Cay(V,5)

V=F,&F, S={(a,pB):ap isa nonzero perfect rth power}

0
G=Ty x Gy, Gy= {(Z b) . ab is a nonzero perfect rth power}
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Let g be a prime power, r | g — 1, I = Cay(V,5)

V=F,&F, S={(a,pB):ap isa nonzero perfect rth power}

0
G=Ty x Gy, Gy= {(Z b) . ab is a nonzero perfect rth power}

I" is G-arc-transitive and G-quotient-complete with k = 2
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Let g be a prime power, r | g — 1, I = Cay(V,5)

V=F,&F, S={(a,pB):ap isa nonzero perfect rth power}

0
G=Ty x Gy, Gy= {(Z b) . ab is a nonzero perfect rth power}

I" is G-arc-transitive and G-quotient-complete with k = 2

Ny: translations by elements of F, & {0}
No: translations by elements of {0} & I,
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[ is connected < (q,r) ¢ {(2,1),(3,2)}
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[ is connected < (q,r) ¢ {(2,1),(3,2)}

Theorem (Main Result 2).

r qg | diam(I)

1 >3 2

2 >5 2
3<r<q—1|2>25| 3or4
3<r=q—-1|2>25| 2o0r3
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[ is connected < (q,r) ¢ {(2,1),(3,2)}

Theorem (Main Result 2).

r g | diam(I)

1 >3 2

2 >5 2
3<r<qg-—-1 5| 3or4 which have
3<r=q-1|>5| 20r3 diam(l) =27
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g = p9 prime power, r | g—1, T =Cay(V,S), G= Ty x Gy,
V=F,®F, S={(a,p)]|abisanonzero perfect rth power}
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g = p9 prime power, r | g—1, T =Cay(V,S), G= Ty x Gy,
V=F,®F, S={(a,p)]|abisanonzero perfect rth power}

Let ¢ > 5, r > 3. diam(I') = 2 whenever:
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g = p9 prime power, r | g—1, T =Cay(V,S), G= Ty x Gy,
V=F,®F, S={(a,p)]|abisanonzero perfect rth power}

Let ¢ > 5, r > 3. diam(I') = 2 whenever:

Q@ g>rtor
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g = p9 prime power, r | g—1, T =Cay(V,S), G= Ty x Gy,
V=F,®F, S={(a,p)]|abisanonzero perfect rth power}

Let ¢ > 5, r > 3. diam(I') = 2 whenever:

Q@ g>rtor
Q@ p=2andVne{0,...,r—1} Iy e (WHw" st Tr(y)=0
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g = p9 prime power, r | g—1, T =Cay(V,S), G= Ty x Gy,
V=F,®F, S={(a,p)]|abisanonzero perfect rth power}

Let ¢ > 5, r > 3. diam(I') = 2 whenever:

Q@ g>rtor
Q@ p=2andVne{0,...,r—1} Iy e (WHw" st Tr(y)=0

If r < d then diam(lN) = 2.
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