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Let u be a vertex of a connected graph I' and r be a positive integer.
The ball with radius r centered at u is denoted by B,.(u). This is the set
of vertices with distance at most r to u, i.e. B.(u) = {v:d(v,u) <r}.

Perfect r-code

A set of vertices C' of T', is called a perfect r-code in T if
{B,.(u) : u € C} is a partition of V(T').
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Perfect 2-code in grid graph

Figure 1. Grid graph
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Perfect 2-code C
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Perfect 2-code in grid graph
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Figure 1. Grid graph

Perfect 2-code C
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Relations

@ A perfect r-code is an r-error correcting code in coding
theory.
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Relations

@ A perfect r-code is an r-error correcting code in coding
theory. (Also an error detecting code)
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@ A perfect r-code is an r-error correcting code in coding
theory. (Also an error detecting code)

e Coding theory : perfect r-code in g-ary alphabet of length n.

e Graph theory : perfect r-code in the Hamming graph
H(n,q) = K,0---0K,.
———

n times
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@ A perfect r-code is an r-error correcting code in coding
theory. (Also an error detecting code)

e Coding theory : perfect r-code in g-ary alphabet of length n.
e Graph theory : perfect r-code in the Hamming graph

H(n,q) = K,0---0K,.
—_——

n times

@ A perfect 1-code is a dominating set in graph theory.
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Cayley graph

Cayley graph

Let G be a group and S C G\{0}. The Cayley graph

I' = Cay(G, S) is the graph with vertex set G and edges from
reGtoxr+s seSs.
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Cayley graph

Cayley graph

Let G be a group and S C G\{0}. The Cayley graph

I' = Cay(G, S) is the graph with vertex set G and edges from
reGtoxr+s seSs.

@ If S is closed under taking inverse elements (i.e. S = —5),
then I' is undirected.

@ If S generates GG, then I is connected.
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Cayley graph Cay(Zi7, {1, £5})
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Figure 3. Cayley graph Cay(Z17,{1,£5})
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Motivation and Problem 1

@ g-ary alphabet of length n using Hamming distance is
represented as H(q,n) = Cay(Zq, S)™ where S = Z,\{0}.
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Motivation and Problem 1

@ g-ary alphabet of length n using Hamming distance is
represented as H(q,n) = Cay(Zq, S)™ where S = Z,\{0}.

@ g-ary alphabet of length n using Lee distance is represented
as Cay(Zg, S)™ where S = {£1}.
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Motivation and Problem 1

@ g-ary alphabet of length n using Hamming distance is
represented as H(q,n) = Cay(Zq, S)™ where S = Z,\{0}.

@ g-ary alphabet of length n using Lee distance is represented
as Cay(Zg, S)™ where S = {£1}.

@ Problem 1: For which S does the Cayley graph Cay(Z4, S)"
has a perfect code?
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Perfect 1-codes in Cay(Z,, S)?

Theorem 1

Let p be an odd prime and S a non-empty subset of Z,. Then
I = Cay(Zy, S)? has a perfect 1-code if and only if |S| — L and
there is an a € Z} such that aS N (—S) = 0.

Moreover, the perfect 1-codes are {(n,an +b) | n € Z,} for any

b € Zp.
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Perfect 1-codes in Cay(Z,, S)?

Theorem 1

Let p be an odd prime and S a non-empty subset of Z,. Then
I = Cay(Zy, S)? has a perfect 1-code if and only if |S| — L and
there is an a € Z} such that aS N (—S) = 0.

Moreover, the perfect 1-codes are {(n,an +b) | n € Z,} for any
b € Zp.

Note: Condition could be Ja € Z; >aSNS=0
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Proof of Theorem 1

o If Cay(Z,,S)? has a perfect code C then
2 _
Z, =C®{(0,0),(0,s),(s,0) | s € S}.
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Proof of Theorem 1

o If Cay(Z,,S)? has a perfect code C then
2 _
Z, =C®{(0,0),(0,s),(s,0) | s € S}.

@ Rédei and Zwei (1947) : C'is a coset of ZZQ, of order p.
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Proof of Theorem 1

o If Cay(Z,,S)? has a perfect code C then
2 _
Z, =C®{(0,0),(0,s),(s,0) | s € S}.

@ Rédei and Zwei (1947) : C'is a coset of ZZQ, of order p.

@ There is an a € Zj, such that C' = {(n,an +b) | n € Z,},
b € Zy.
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Proof of Theorem 1

o If Cay(Z,,S)? has a perfect code C then
2 _
Z, =C®{(0,0),(0,s),(s,0) | s € S}.

@ Rédei and Zwei (1947) : C'is a coset of ZZQ, of order p.

@ There is an a € Zj, such that C' = {(n,an +b) | n € Z,},
b € Zy.

@ Establish that as; # —s9 for s1,59 € S.
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Proof of Theorem 1

' = Cay(Z7,{1,4,5})? 0,6)](1,6)|(2,6)|(3,6)|(4,6)](5,6)](6,6)

(0,5)((1,5)((2,5)|(3,5)[(4,5)|(5,5)|(6,5)

(0,4)[(1,4)1(2,4)[(3,4)[(4,4)|(5,4)|(6,4)

(0,3)((1,3)((2,3)](3,3)[(4,3)|(5,3)|(6,3)

(0,2)[(1,2)(2,2)[(3,2)[(4,2)](5,2)|(6,2)

(0,1)[(1,1)](2,1)((3,1)](4,1)|(5,1)|(6,1)

(0,0)[(1,0)|(2,0)[(3,0)[(4,0)|(5,0)|(6,0)
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Proof of Theorem 1

' = Cay(Z7,{1,4,5})? 0,6)](1,6)|(2,6)|(3,6)|(4,6)](5,6)](6,6)

Consider (0,0) € C 0,5)[(1,5)[(2,5)[(3,5)|(4,5)|(5,5)|(6, 5)

(0,4)[(1,4)1(2,4)[(3,4)[(4,4)|(5,4)|(6,4)

(0,3)((1,3)((2,3)](3,3)[(4,3)|(5,3)|(6,3)

(0,2)[(1,2)(2,2)[(3,2)[(4,2)](5,2)|(6,2)

(0,1)[(1,1)](2,1)((3,1)](4,1)|(5,1)|(6,1)

.(1,0) (2,0)((3,0)|(4,0)|(5,0)|(6,0)
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Proof of Theorem 1

' = Cay(Z7,{1,4,5})? 0,6)](1,6)|(2,6)|(3,6)|(4,6)](5,6)](6,6)
Consider (0,0) € C 0,5)|(1,5)[(2,5)[(3,5)|(4,5)|(5,5)| (6, 5)
centered at (0,0) (0,4)[(1,4)|(2,4)|(3,4)|(4,4)((5,4)|(6,4)

(0,3)((1,3)((2,3)](3,3)[(4,3)|(5,3)|(6,3)

(0,2)[(1,2)(2,2)[(3,2)[(4,2)](5,2)|(6,2)

(0,1)](1,1)](2,1)((3,1)](4,1)|(5,1)|(6,1)

.(1,0) (2,0)((3,0)|(4,0)|(5,0)|(6,0)
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Proof of Theorem 1

I = Cay(Zr,{1,4,5}) 0,6)|(1,6)| (2, 6). 4,6)|(5,6)

Consider (0,0) € C 0,5)|(1,5)[(2,5)[(3,5)|(4,5)|(5,5)
centered at (0,0) (0,4) (174).(374) (4,4)((5,4)
C={(n,an) |n € Z,} (0,3)[(1,3)[(2,3)[(3,3)|(4, 3).(6:3)

(0, 2).(2,2) (3,2)[(4,2)(5,2)|(6,2)
(0,1)](1,1)|(2,1) (3,1).(5,1) (6,1)
.(1,0) (2,0)((3,0)|(4,0)|(5,0)|(6,0)
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Proof of Theorem 1

I = Cay(Zr,{1,4,5}) 0,6)|(1,6)| (2, 6). 4,6)|(5,6)

Consider (0,0) € C 0,5)|(1,5)[(2,5)[(3,5)|(4,5)|(5,5)
centered at (0,0) (0,4) (174).(374) (4,4)((5,4)
C ={(n,an) | n€Z,} (0,3)](1,3)(2,3)[(3,3)| (4, 3).(673)
oy (sl,asl) €C, s €8, (0,2).(2,2) (3,2)[(4,2)(5,2)|(6,2)

(0,1)](1,1)|(2,1) (3,1).(5,1) (6,1)
.(1,0) (2,0)((3,0)|(4,0)|(5,0)|(6,0)
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Proof of Theorem 1

I = Cay(Zr,{1,4,5}) 0,6)|(1,6)| (2, 6). 4,6)|(5,6)

Consider (0,0) € C 0,5)|(1,5)[(2,5)[(3,5)|(4,5)|(5,5)
centered at (0,0) (0,4) (174).(374) (4,4)((5,4)
C ={(n,an) | n€Z,} (0,3)](1,3)[(2,3)[(3,3)| (4, 3).(6,3)
oy (sl,asl) €C, s €8, (0,2).(2,2) (3,2)[(4,2)(5,2)|(6,2)

asy +s3 #0, forall s, € § 0, 1],1)|21) (3,1).(5’1) 6,1)

.(1,0) (2,0)((3,0)((4,0)|(5,0)|(6,0)
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Proof of Theorem 1

' = Cay(Zr,{1,4,5}) (0,6)|(1,6)| (2, 6). 4,6)|(5,6)
Consider (0,0) € C 0,5)|(1,5)[(2,5)[(3,5)|(4,5)|(5,5)
centered at (0,0) (0,4) (174).(374) (4,4)((5,4)
C ={(n,an) |n e ZP} (0,3)[(1,3)(2,3)](3,3) (4, 3).(6,3)
For (s1,a51) € C, 81 € S, (0,2).(2,2) (3,2)|(4,2)|(5,2)|(6,2)
as1 + 52 70, forall s, € ©,1)|(1,1)|(2,1) (3,1).(5,1) (6,1)
aSN(=5)#0 .(1,0) (2,0)[(3,0)[(4,0)[(5,0)|(6,0)
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Proof of Theorem 1

' = Cay(Zr,{1,4,5}) (0,6)|(1,6)| (2, 6). 4,6)|(5,6)
Consider (0,0) € C 0,5)|(1,5)[(2,5)[(3,5)|(4,5)|(5,5)
centered at (0,0) (0,4) (174).(374) (4,4)((5,4)
C ={(n,an) |n e ZP} (0,3)[(1,3)(2,3)](3,3) (4, 3).(6,3)
For (s1,a51) € C, 81 € S, (0,2).(2,2) (3,2)|(4,2)|(5,2)|(6,2)
as1 + 52 70, forall s, € ©,1)|(1,1)|(2,1) (3,1).(5,1) (6,1)
aSN(=5)#0 .(1,0) (2,0)[(3,0)[(4,0)[(5,0)|(6,0)

If aSN(=S)#0, then C = {(n,an) | n € Z,} is a perfect code.
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Examples

@ s5={12.. %5 a=1
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o S:{l,z,...,ﬂ};azl.

Q S:{zi\xie{ii},izl,...,%};azl.
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o S:{l,z,...,ﬂ};azl.

Q S:{zi\xie{ii},izl,...,g};azl.

© S is the set of quadratic residues of Zj,; a is any quadratic
residue for p =3 (mod 4) and a is any non-quadratic residue
for p =1 (mod 4) (Paley graph).
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@ s5={12.. %5 a=1

Q S:{zi\xie{ii},izl,...,ﬂ};azl.

© S is the set of quadratic residues of Zj,; a is any quadratic
residue for p =3 (mod 4) and a is any non-quadratic residue
for p =1 (mod 4) (Paley graph).

Q S is the set of non-quadratic residues of Z,; a is any
quadratic residue for p =3 (mod 4) and a is any

non-quadratic residue for p = 1 (mod 4).

When ¢ =1 (mod 4), examples 3 and 4 is an undirected graph.

2
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A generalization

As Cay(Zy, S)* = Cay(Z3, S2) where
S2 = {(075)7(870) | S S}'

for which S' does C’ay(Zg, S) has a perfect 1-code?
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Perfect 1-codes in Cay(Z2, S)

Theorem 2

Let p be a prime. If " is not a complete graph, then
' = Cay(Z2, S) has a perfect 1-code if and only if S| =p — 1
and S satisfy:

QO {s1|(s1,82) € S} =17, or

@ there is an a € Z, such that {as; + s2 | (s1,52) € S} = Zy.
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Perfect 1-codes in Cay(Z2, S)

Theorem 2
Let p be a prime. If " is not a complete graph, then
' = Cay(Z2, S) has a perfect 1-code if and only if S| =p — 1
and S satisfy:
Q {s1](s1,s2) € S} =7Z3, or
Q there is an a € Z;, such that {as1 + s2 | (s51,52) € S} =Z;,.

Theorem 3

Let p be a prime. If I" is not a complete graph, then
' = Cay(Z2, S) has a perfect 1-code if and only if |S| = p — 1
and there are a,b € Z, such that {as) +bsa | (s1,52) € S} = Z;,.
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Motivation and problem 2

@ Deng (2014) :

o Characterization of Cay(Z,, S) that has a perfect 1-code of
prime size.

@ Feng, Huang, Zhou (2017):

o Characterization of Cay(Z,,S) of degree prime minus one
that has a perfect 1-code.

o Characterization of Cay(Z,,,S) of p* — 1 degree that has a
perfect 1-code where p” is relatively prime to p%

@ Deng, Sun, Liu, Wang (2017): Perfect 1-codes on

o Cay(Z,,S) of degree pq — 1 and p* — 1 for primes p, ¢, and
|S| + 1 is relatively prime to IS\% and
o Cay(Zy,S) where n = p*q,p*q?, pqr, p*qr, pqrs, for different

primes p,q,r, s, and |S| + 1 is relatively prime to ISH-l
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Motivation and problem 2

@ Deng (2014) :

o Characterization of Cay(Z,, S) that has a perfect 1-code of
prime size.

@ Feng, Huang, Zhou (2017):

o Characterization of Cay(Z,,S) of degree prime minus one
that has a perfect 1-code.

o Characterization of Cay(Z,,,S) of p* — 1 degree that has a
perfect 1-code where p” is relatively prime to p%

@ Deng, Sun, Liu, Wang (2017): Perfect 1-codes on

o Cay(Zy,S) of degree pg — 1 and p* — 1 for primes p, ¢, and
|S| + 1 is relatively prime to IS\% and
o Cay(Zy,S) where n = p*q,p*q?, pqr, p*qr, pqrs, for different
primes p,q,r, s, and |S| + 1 is relatively prime to IS\%

@ Problem 2: What if |S| 4 1 is not relatively prime to \S\H?
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Perfect 1-codes in Cay(Z,, S)

Theorem 4

Let p be an odd prime and I' = Cay(Z,x, S) a connected non
trivial graph, then I' admits a perfect 1-code if and only if there
are integers

O=ts<ti < - <tp <tpny1 =k
and 1 <[, <tgy1 —tq fora=0,...,n such that

n
- {Z (iap™ + i ciap™ ) 0 = 0, Pl 1}

a=0
where Qig,...iq € Zpk.
Note : Sp =S U{0}.
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@ C is a perfect code of Cay(G, S) <= G =C & So.
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@ C is a perfect code of Cay(G, S) <= G =C & So.

@ Lemma 1 [9] :

e For a finite abelian group G and A C G, L4, the set of
elements g € G such that g + A = A is a subgroup of G
(called the subgroups of periods of A), and A =L, @ B for

some set B.
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@ C is a perfect code of Cay(G, S) <= G =C & So.
@ Lemma 1 [9] :

e For a finite abelian group G and A C G, L4, the set of
elements g € G such that g + A = A is a subgroup of G
(called the subgroups of periods of A), and A =L, @ B for
some set B.

@ De Bruijn (1953) : If Z,» = A® B, then one of A and B is periodic.
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@ C is a perfect code of Cay(G, S) <= G =C & So.
@ Lemma 1 [9] :

e For a finite abelian group G and A C G, L4, the set of
elements g € G such that g + A = A is a subgroup of G
(called the subgroups of periods of A), and A =L, @ B for
some set B.

@ De Bruijn (1953) : If Z,» = A® B, then one of A and B is periodic.

@ Lemma 2 [9] :
o Let G = A @ B where A is periodic (A = L & D), then

G/Lyx=(D+La)/La® (B+La)/La,

where (H + La)/La={h+La:he H}.
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@ C is a perfect code of Cay(G, S) <= G =C & So.

@ Lemma 1 [9] :
e For a finite abelian group G and A C G, L4, the set of
elements g € G such that g + A = A is a subgroup of G
(called the subgroups of periods of A), and A =L, @ B for
some set B.
@ De Bruijn (1953) : If Z,» = A® B, then one of A and B is periodic.
@ Lemma 2 [9] :
o Let G = A @ B where A is periodic (A = L & D), then
G/Lyx=(D+La)/La® (B+La)/La,
where (H + La)/La={h+La:he H}.
@ Since Z,x /7, = Z,k-1, we can use induction on k.
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Good abelian group

@ For an abelian group G, G = A @ B is a factorization of GG, and A
and B are factors of G.

@ A group G is said to be good if in every factorization of G, there is
a periodic factor.

@ All finite good abelian groups are precisely the following groups and
their subgroups:

Q Z, xZy, [5] Q Zoy x Zs [8]

Q Z, X Zz x Zs [T] Q Z,» x 7y [1]

© Z, XLy x Ly x Ly [7] @ Z,2 x Ly [6]

Q Z, x Ly x Zs [7] @ Z,2 xZy <Ly, [6]

©Q Zys x Ly x Ly [T] @ Z, XLy x Ly x Ls [6]
GZPQXZQXZQXZQ[7] @ZgXZsls]

eZpXZQXZQXZQXZQ[” ®Z4XZ4[8]

where p, g, , and s are different primes.

2
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Perfect 1-codes in Cayley graphs with degree prime minus one

Requirement on S to be have

Zp

G So & pariee: lugade Perfect 1-code C
C = ((a,b,c)) + (x,y,z) where
_ f ord((a,b,c)) = 3p, s1,s2,51 —
Zp X 23 x 25 | |20lI=3 | poireduirement s2 ¢ ((a,b,c)), and (z,y, z) any el-
ement of G
|Sol =p {al(a,b,c) € So} =7Zyp C = {x} X Z3 X Z3 for some x € Zy
prquZS 156] = @ {al|(a,b,c,d) € Sp} = C = {x} X Zgq X Zz X Z3 for some
D z € Zp
Zp X Ly X Lo [Sol=p {al(a,b,c) € So} =7Zyp C = {x} X Zy X L3 for some = € Zjp
2 — {a (mod p)[(a,b,c) € C = ((p,0,0),(0,1,0),(0,0, 1)) +
Zps X L3 ISol =p So} = Zp (z,y, 2) for some (z,y, z) in G
¢ = ((p0,0,0),(0,1,0,0),
3 — {a (mod p)|(a,b,c,d) € (0,0,1,0),(0,0,0,1)) 4
Z:D2 X ISol = » So} = Zyp (w,z,y,z) for some (w,z,y,z)
in G
,b,c,d, e So} = C = X Lg X Lg X Lg X Ly f
Zp X Z% |So|l =p {a|(a c e) € So} {z} 2 2 2 2 for

some = € Zp

Yusuf Hafidh Perfect codes in Cayley graphs on




Perfect codes in

Requirement on S to be have a per-

S non-periodic

{(b,¢) | (a,b,¢c) € So} =Z3 X
Z3

G So fect 1-code Perfect 1-code C'

C = ((a,b,0)) + (z,y, 2)

ISo| = 3 T" admits a perfect code for any S = where ord((a,b,c)) = 3p,

0 {s1,s2} 51,582,851 —s2 & ((a,b,¢c)),

and (z, y, z) any element of G

1Sl = = {a|(a, b, ¢) € So} = Zp fe:Z{I}XZS X Zg for some

P
[Sol =9, C={(z,y,2) | @ € Zp} for

some y, z € Z3

So = Lsy, ® D, {(0,b,¢) +

C ={(a,y,2) +la | a €

S non-periodic

3 and (2) ({(b,c) | (a,b,c) €
So} +((b,¢)))/ (b, €)) = (Z3 X
Z3)/ (0, b, ¢))

N g‘sop‘e?ot?ivc Lsy | (a,b,¢) + Lgy € (D + Zp} for any y,z € Z3 and
x 0 Lsg)/Lsg} = %3 in G/Lg, la € Lg,
N There s (o, B) € Zs x Z3
X such that for every a € Zp, (1)

_ 5 . = _ C={(zy+ra,z+rp) |
N |So| = 3p, {(z,y,2) € Solz = a}| = r € Z3} for any @ € Zj and

Y,z € L3

[Sol = 3p,
So periodic

So = Ls, ® D, There is a
non-zero (a, 8) € Z3 X Zs3 such
that (D+((0, «, 8)))/ {(0, &, B))

is a complete set of residue in
G/ (0, B)) modulo (Lg, +
(0, @, 8)))/ ((0, @, B))

C ={a(0,a,B8) +1la | a €
Z3} where I, € Ls,

Yusuf Hafidh
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Perfect 1-codes in Cay(Z, x Z, X Za X Ly, S)

Requirement on S to be have a per- B
G So fect 1-code Perfect 1-code C'
C = {x} X ZLg X Za X ZLg for
Sl = » {al(a,b,c, d) € So} = Zp N
] = {(0,1y,2,9, 2) |
|Sol = pa. So = {(a,b,ca,da) | a € Jo w7
So periodic Zyp,b € Lq}, ca,da € Za (LxéOy) € 22 X Lo} lay €
C = L¢c U (L
S ISol = pa. S0 ={(ab,carda) tlap la€ | (= O 0 (Lg r
X Sp non-periodic, %p,b € Zq} ca,da € ZL2,1lgp € ((O’, 07’ a’,/i))' wd (5,9 2
§ | [Lsorrerrg|=a | e (. 8))
X C = L¢g U (Lg +
= [Sol = pa, So = {(a,b,cp,dp) +lop | a€ (0.9, Z)),there (Lg -
i So non-periodic, %p,b € Zq}, cp,dy € L2, 1l € (0,0, a, B)) and (y,2) &
| EGorzeire| =2 | Lo ((a, #))
S _ C = {(0,b, aw, av) + 1,
ISo| = 2p, So = Lsy @ D where [Lg | =2, ¢ 6{2(2 Zam }),l (Z'be‘
So periodic {a| (a,b,c,d) € D} =17Zp Ls ’ e
0
1So| = 2p So = {(a, Bb, Bc, Bd) + C = Lgc @ D, where
=2p logla € 2,8 € Zs}, | Lo =((0,0,a,8)) and {b|
S non-periodic e € B (a,b,c,d) € D} = Z4
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Perfect 1-codes in Cay(Z, x Z, X Za X Ly, S)

a So ?equirement on S to be have a per- Perfect 1-code C
ect 1-code
So = ((0,0,y,2)) U
[Sol =4, (((0,0,9,2)) + (a,b,¢c,d)) ¢ = {(oB:7,8:%a,8) |
So periodic where a, b # 0, (c,d) & ((y, 2)), (e, B) € Zp X Zq}
and (y, z) # (0,0)

C = Lo @& D where
< 50 {a(0,0,5,2) + | Lo =  {(1,0,0,0)) and
S Sall = & B(Gbcd)+laa\aﬁézz} {6'| (a,be,d) € D} = Zg,
x IS0l = o where I, 3 € Lo or Lo = ((0,1,0,0)) and
NN S non-periodic {a|(a,bc,d) € D} =7y
X {(c,d) T (a,b,c,d) € So} —

- qeey € =((1,1,0,0))
X S0 = ((,1,0,00,(0,0,5,d)
a [So| = 2pgq Where) (c;d) & ((y,2)), (y,2) # € ={(0,0,0,0), (w,z,y,2)}
N k)
|So| = 4p, fﬂeé{(gaflaéc,zéy}ﬁ,;l)+Llia,€c,ii [ C = {(0,b,0,0) + 1} | b € Zg},
o P> Cs ' Ya,c, q
So periodic o & iy lp € Lg,
[Sol = 4p, So = {a,bg,c,a,¢;d | a € _
S non-periodic Zp,c,d € Lo}, by c.d € Lq G = ((0,1,0,0))
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