
45th Australasian Combinatorics Conference (45ACC)

UWA, Perth 2023

Safe Sets and Dominating Sets 
of Graphs

P. Kaemawichanurat King Mongkut’s University of Technology Thonburi

Joint work with

S. Fujita and M. Furuya Yokohama City University



For a graph G, a vertex subset D is a dominating set 
if every vertex of G is either in D or adjacent to a
vertex in D.



For a graph G, a vertex subset D is a dominating set 
if every vertex of G is either in D or adjacent to a
vertex in D.



For a graph G, a vertex subset D is a dominating set 
if every vertex of G is either in D or adjacent to a
vertex in D.



For a graph G, a vertex subset D is a dominating set 
if every vertex of G is either in D or adjacent to a
vertex in D.



The  minimum  cardinality  of  a  dominating  set is  

called the domination  number of  G  denoted  by   
γ(G).

γ(G) = 3



A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



C H

A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



|V(C)| <|V(H)|

A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



|V(C)| <|V(H)|

A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



A vertex subset S is a safe set of G if , for a component H of 
G-S and a component C of G[S], we have |V(H)| ≤ |V(C)| 
whenever there is an edge joining vertices between H 
and C.



The minimum cardinality of a safe set of G is called 
the safe number of G and is denoted by s(G).



The minimum cardinality of a safe set of G is called 
the safe number of G and is denoted by s(G).

s(G) = 4



Photo from : www.quora.com/How many queens are required to cover every square in an 8*8 chessboard?

Domination in Graphs



Photo from: https://users.encs.concordia.ca/~chvatal/perfect/spgt.html 

Domination in Graphs



Photo from: https://mathshistory.st-andrews.ac.uk/Biographies/Ore/ 

Domination in Graphs



Photo from: https://mathshistory.st-andrews.ac.uk/Biographies/Ore/ 

Domination in Graphs

A thousand research papers related to domination have been 

published until now.
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By the result of Berg, we have

C. Berge, Theory of Graphs and its Applicationa, Methuen, London, 1962.
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Then, the union of all the dominating sets gives

𝛾 𝐺 ≤ 𝑠 𝐺 − ∆ ∆𝑠 𝐺 − 2𝑠 𝐺 + 3 .



The characterization of graphs achieving the equality

𝛾 𝐺 = 𝑠 𝐺 − ∆ ∆𝑠 𝐺 − 2𝑠 𝐺 + 3 .
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A graph                          when ∆= 3 and s=5
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A graph G satisfies the lower bound of Theorem 2
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