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What is matroid? 2

Matroid is a generalization of linear independence.
g-analogue: the way of generalization

® Matroid | omal | combme

® Combinatorial structure based

. finite set 0,1, - ,n n
on the concept of the linear e S | | Ky
independence. size of X | X| SBrim %

® Q'MatrOid subset subset subspace
® g-analogue of a matroid
union XUY X+Y

® R. Jurrius, R. Pellikaan
established. (2018) intersection XnNnY XNnY



Symbols. 3

Preliminaries

® ¢ : a prime power
e E(=TF;) : an n-dimensional vector space over F,
o L

(X)) : the collection of all subspaces of a vector space X

k

° [X] . the collection of all k-dimensional subspaces of a vector space X
q



The definition of matroid 4

Definition [g-matroid]
A g-matroid is a pair (F,r) satisfying (¢qR1), (¢R2) and (¢R3):

g-matroid matroid
ground space Fy n] ={1,2,---n}
rank function 1" L(E) — Z>g 28 — Z>g
1staxiom (gR1) 0<r(A)<dimA (R1) 0<r(A)<|A|
2" axiom ¢R2) ACB=r(A) <r(B) (R2) ACB=r(A) <r(B)
3rdaxiom (gR3) r(A+B)+r(ANB)<r(A)+r(B) | (R3) r(AUB)+r(ANB)<r(A)+r(B)




Example of g-matroid

e Integer k:0< k<n
Example [The uniform g-matroid]

r(X) := min{dim X, k}.
Then, the pair (E,r) is a g-matroid.

Remark. This g-matroid is called a uniform q-matroid U ,,|F ]



Flat

* M = (E,r): g-matroid
Definition [Flat of a g-matroid]

F < FE is a flat of M if and only if

x € [ﬂq\ H]q:;»r(Fjo):r(F)H

holds.

Remark

We denote F as a collection of all flats in M.

® |If aflat F'satisfies 7(F) =14, Fis called -flat.

® The collection of all 2-flats is denoted by F; .

e M = (FE,r): matroid
Definition [Flat of a matroid]

F C FE is a flat of M if and only if
reEFE—F=r(FUx)=r(F)+1

holds.




The flats of a g-matroid satisfy (qF1), (qF2) and (qF3) 7

Proposition [axiom of flats of g-matroid] (E. Byrn et al. 2022 +)

F 1is a collection of all flats of g-matroid

= F satisfies (¢F'1), (¢gF2) and (¢F3)

® [, FeF

(E£,7) g-matroid matroid

1staxiom |(qFl) E € F (F1) E € F

2ndaxiom | (qF2) FiNFy € F (F2) N Fy e F

Ny (¢F3) A F' € Frpyy1 st. F+a < F' | (F3) AF' € Frpy41 st. FUx C FY
rdaxiom

(Va:e HR [ﬂ)

(Vex e E— F)


https://texclip.marutank.net/#s=%24%5Cleft(%5Cforall%20x%20%5Cin%20%0A%5Cbegin%7Bbmatrix%7D%0AE%20%5C%5C%0A1%0A%5Cend%7Bbmatrix%7D_q%0A%5Csetminus%0A%5Cbegin%7Bbmatrix%7D%0AF%20%5C%5C%0A1%0A%5Cend%7Bbmatrix%7D_q%0A%5Cright)%24
https://texclip.marutank.net/#s=%5Cbegin%7Bitemize%7D%0A%5Citem%20%24q%24%20%3A%20a%20prime%20power%0A%5Citem%20%24E(%3D%5Cmathbb%7BF%7D_q%5En)%24%20%3A%20an%20%24n%24-dimensional%20vector%20space%20over%20the%20field%20%24%5Cmathbb%7BF%7D_q%24%0A%5Citem%20%24%5Cmathcal%7BL%7D(X)%24%20%3A%20the%20collection%20of%20the%20all%20subspaces%20of%20vector%20space%20%24X%24%0A%5Citem%0A%24%0A%5Cbegin%7Bbmatrix%7D%0AX%5C%5C%0Ak%0A%5Cend%7Bbmatrix%7D%0A%24%20%3A%20the%20collection%20of%20the%20%24k%24-dimensional%20subspace%20of%20a%20vector%20space%20%24X%24%0A%5Cend%7Bitemize%7D

Flat 8

Hasse diagram of flats

r(E )-flat E o flat
inclusion relation

2-flats

1-flats

the same rank flats are
0-flat arranged in the same height




What is subspace design?

t-dimensional subspace included in A blocks

esff]

Definition [subspace design]
A t-(n, k, \; q) subspace design is a pair (&, B) with the property that every
t-dimensional subspace of E is contained in exactly A elements of 5.

Remark

® A member of B is called a block.

® A subspace design t-(n,k,1;q) is called a q-Steiner system denoted by S(t, k,n; q).

® Subspace designs have been actively studied because of their application to random
network coding.


https://texclip.marutank.net/#s=A%20%24t%24-%24(n%2C%20k%2C%20%5Clambda%3B%20q)%24%20subspace%20design%20is%20a%20pair%20%24(E%2C%20%5Cmathcal%7BB%7D)%24%20with%20the%20property%20that%20every%20%24t%24-dimensional%20subspace%20of%20%24E%24%20%20is%20contained%20in%20exactly%20%24%5Clambda%24%20elements%20of%20%24%5Cmathcal%7BB%7D%24.

What is a PMD?

10

Perfect matroid designs have a lot of ¢-designs.
® Perfect matroid design (PMD)

® A matroid whose flats of the same rank all are the same cardinality.

® U.S.R. Murty, P. Young and J. Edmonds established(1970).

® V. Deza and N.M Singhi studied some properties of PMD and the PMD
of rank 4 .

® There are many kinds of blocks of t-design in PMD.

® flats. bases, circuit
® Steiner systems induce PMDs

® (-perfect matroid design (¢-PMD)
® g-analogue of PMDs

® E. Byrne, M. Ceria, S. lonica and R. Jurius (2022)
® g-Seiner systems induce g-PMDs



Motivation: flats of g-PMDs and subspace designs. 11

PMD q-PMD
* Projective geometries « Steiner system
How to construct « Affine geometries « 777
non trivial (¢-)PMD  Affine triple systems . 277
« Steiner system « 277
(v-sequence the cardinalities of i-flats the dimensions of i-flats
_ the number of jflats between an iflat
t-funtion and a k-flat n?
_ If flats have all of the subsets whose
flats and design cardinalities are less than t-1,m-flats are ”?
t-design (m > t) (main result)




Definition of ¢-PMDs and «¢-sequences
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PMD

How to construct
non trivial (g-)PMD

* Projective geometries
« Affine geometries

» Affine triple systems
« Steiner system

q-PMD
Steiner system
277
277
277

the cardinalities of i-flats

the dimensions of i-flats

le—sequence
, the number of jflats between an iflat
t-funtion and a k-flat mn
_ If flats have all of the subsets whose
flats and design cardinalities are less than t-1,m-flats are 7?

t-design (m > t)

(main result)



Definition of g-PMDs and «¢-sequences 13

Definition [¢-PMD]

A g-perfect matroid design (¢-PMD) is a ¢g-matroid with the property that
any two flats of the same rank have the same dimension.

& j-dimensional

Definition [ a-sequence] ‘%\.
® «; :the dimension of the i-flats of a g-PMD j-tlats .

o {a}'D:is called an -sequence of the q-PMD
i-flats O

«;-dimensional



Some examles of g-PMD. 14

Example 1
Ukn|F,] is a ¢-PMD with an a-sequence (0,1,--- ;& —1,n).

- All of i-dimensional subspaces are i-flats of Uy ,[F,] (¢ < k — 1). The
ground space 1s the k-flat.

Example 2
If the ground set Fém is partitioned into F/*, the partition induces a ¢-PMD

with an a-sequence (0, m,Ilm).

2-flat IE‘%

o (DG R QDGR

<0> o = (0,2,4)

o~ O O
o O O

o~
oo~ O


https://texclip.marutank.net/#s=%24U_%7Bk%2C%20n%7D%5B%5Cmathbb%7BF%7D_q%5D%24%20is%20a%20%24q%24-PMD%20with%20an%20%24%5Calpha%24-sequence%20%24(0%2C%201%2C%20%5Ccdots%2C%20k-1%2C%20n)%24.
https://texclip.marutank.net/#s=%24%5Cleft%5Clangle%0A%5Cbegin%7Bbmatrix%7D%0A0%5C%5C%0A0%5C%5C%0A1%5C%5C%0A0%0A%5Cend%7Bbmatrix%7D_q%2C%20%0A%5Cbegin%7Bbmatrix%7D%0A0%5C%5C%0A0%5C%5C%0A0%5C%5C%0A1%0A%5Cend%7Bbmatrix%7D_q%0A%5Cright%5Crangle%24
https://texclip.marutank.net/#s=%24%5Cleft%5Clangle%0A%5Cbegin%7Bbmatrix%7D%0A1%5C%5C%0A1%5C%5C%0A1%5C%5C%0A0%0A%5Cend%7Bbmatrix%7D_q%2C%20%0A%5Cbegin%7Bbmatrix%7D%0A1%5C%5C%0A0%5C%5C%0A0%5C%5C%0A1%0A%5Cend%7Bbmatrix%7D_q%0A%5Cright%5Crangle%24
https://texclip.marutank.net/#s=%24%5Cleft%5Clangle%0A%5Cbegin%7Bbmatrix%7D%0A1%5C%5C%0A0%5C%5C%0A1%5C%5C%0A0%0A%5Cend%7Bbmatrix%7D_q%2C%20%0A%5Cbegin%7Bbmatrix%7D%0A0%5C%5C%0A1%5C%5C%0A0%5C%5C%0A1%0A%5Cend%7Bbmatrix%7D_q%0A%5Cright%5Crangle%24
https://texclip.marutank.net/#s=%24%5Cleft%5Clangle%0A%5Cbegin%7Bbmatrix%7D%0A1%5C%5C%0A0%5C%5C%0A1%5C%5C%0A0%0A%5Cend%7Bbmatrix%7D_q%2C%20%0A%5Cbegin%7Bbmatrix%7D%0A0%5C%5C%0A1%5C%5C%0A0%5C%5C%0A0%0A%5Cend%7Bbmatrix%7D_q%0A%5Cright%5Crangle%24
https://texclip.marutank.net/#s=%24%5Cbecause%24%20All%20of%20i-dimensional%20subspaces%20are%20i-flats%20of%20%24U_%7Bk%2Cn%7D%5B%5Cmathbb%7BF%7D_q%5D%24%20%24(i%20%5Cleq%20k-1)%24.%20The%20ground%20space%20is%20the%20%24k%24-flat.

Definition of ¢-PMDs and «¢-sequences 15
PMD q-PMD
* Projective geometries « Steiner system
How to construct « Affine geometries « 7?77
non trivial (¢-)PMD  Affine triple systems . 277
« Steiner system « 277
(-sequence the cardinalities of i-flats ‘ the dimensions of i-flats \
, the number of jflats between an iflat
t-funtion and a k-flat 27?
_ If flats have all of the subsets whose
flats and design cardinalities are less than t-1,m-flats are ”?

t-design (m > t)

(main result)



A t-function of a g-PMD.
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PMD

How to construct
non trivial (g-)PMD

* Projective geometries
« Affine geometries

» Affine triple systems
« Steiner system

q-PMD
Steiner system
277
277
277

the cardinalities of i-flats

the dimensions of i-flats

le—sequence
_ the number of jflats between an iflat
t-funtion and a k-flat m
_ If flats have all of the subsets whose
flats and design cardinalities are less than t-1,m-flats are ”?

t-design (m > t)

(main result)




A t-function of a g-PMD. 17

o I, e F;, Fy € Fi with F; < F}

Proposition

The number |F;(F;, Fy)| of j-flat F; with F; < F; < Fj is independent of
the choice of F; and F}.

Definition | ¢ -function of g-PMD]
We define t-function of M as follows:

tM(?:aja k) - = ‘FJ(FE:Fk)‘


https://texclip.marutank.net/#s=The%20number%20%24%7C%5Cmathcal%7BF%7D_j(F_i%2C%20F_k)%7C%24%20of%20%24j%24-flat%20%24F_j%24%20with%20%24F_i%20%5Cleq%20F_j%20%5Cleq%20F_k%24%20is%20independent%20of%20the%20choice%20of%20%24F_i%24%20and%20%24F_k%24.

A t-function of a ¢-PMD. 18

Proposition

The number |F;(F;, Fy)| of j-flat F; with F; < F; < Fj is independent of
the choice of F; and Fl}.

F
: k-flat

5 lines

7 -flat

1 -flat


https://texclip.marutank.net/#s=The%20number%20%24%7C%5Cmathcal%7BF%7D_j(F_i%2C%20F_k)%7C%24%20of%20%24j%24-flat%20%24F_j%24%20with%20%24F_i%20%5Cleq%20F_j%20%5Cleq%20F_k%24%20is%20independent%20of%20the%20choice%20of%20%24F_i%24%20and%20%24F_k%24.

A t-function of a ¢-PMD. 19

Proposition

The number |F;(F;, Fy)| of j-flat F; with F; < F; < Fj is independent of
the choice of F; and Fl}.

o
. L-flat

H lines

7 -flat

1 -flat


https://texclip.marutank.net/#s=The%20number%20%24%7C%5Cmathcal%7BF%7D_j(F_i%2C%20F_k)%7C%24%20of%20%24j%24-flat%20%24F_j%24%20with%20%24F_i%20%5Cleq%20F_j%20%5Cleq%20F_k%24%20is%20independent%20of%20the%20choice%20of%20%24F_i%24%20and%20%24F_k%24.

How to calculate t-function.

20

t-function is calculated by «-sequence

Proposition
Let M = (E,r) be a ¢-PMD with a-sequence {«; }% =m(®) and t-function t,y.
Then,
J—t—1 q B qaiH
tM(?f;ju H g — qitl

=0
holds.


https://texclip.marutank.net/#s=Let%20%24M%3D(E%2Cr)%24%20be%20a%20%24q%24-PMD%20with%20%24%5Calpha%24-sequence%20%24%5C%7B%5Calpha_i%5C%7D_%7Bi%3D0%7D%5E%7Bi%3Dr(E)%24%20and%20%24t%24-function%20%24t_M%24.%20Then%2C%0A%24%24%0At_M(i%2C%20j%2C%20k)%20%26%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bj%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%0A%24%24%0Aholds.

A t-function of a g-PMD. 71

PMD q-PMD

* Projective geometries « Steiner system

How to construct « Affine geometries « 7?77

non trivial (¢-)PMD  Affine triple systems . 277
« Steiner system « 7?77

(-sequence the cardinalities of i-flats the dimensions of i-flats
_ the number of j-flats between an i-flat the function returns the number o
t-funtion and a k-flat j-flats between an i-flat and a k-flat
_ If flats have all of the subsets whose

flats and design cardinalities are less than t-1,m-flats are ”?

t-design (m > t) (main result)




flats and design
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PMD

How to construct
non trivial (g-)PMD

* Projective geometries
« Affine geometries

» Affine triple systems
« Steiner system

q-PMD
 Steiner system
« 777
« 777
« 777

(¥-sequence

the cardinalities of i-flats

the dimensions of i-flats

t-funtion

the number of jflats between an iflat
and a k-flat

the function returns the number of
j-flats between an i-flat and a k-flat

flats and design

If flats have all of the subsets whose
cardinalities are less than t-1,m-flats are

t-design (m > t)

7
(main result)




flats and design 23

i-Flats of the g-PMD are the blocks of a ¢-design.

o Integer t : 0 <t < n

Theorem

If [lf] C F for all integers i satisfying 0 < i < t — 1, then (F, Fg) is a
q

subspace design t-(n, ag, tys(t, k,r(E))) for all integers k satisfyingt < k < r(FE)



flats and design
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sketch of proof %EN
k-flat  iwwssssssans e 6 o6 o6 o6 o o o
t-flat amassssns ® © © ©o© o o o o o o
[t?l]q llllllllllllll ‘ ‘ ‘ ‘. ‘ ‘ ‘ ‘

M

<0 >

Flat
inclusion relation



flats and design
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sketch of proof

@) Flat

W

inclusion relation

All of the
subspaces of E

whose dimensions
are less than t.
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sketch of proof

O Flat
inclusion relation

t-dimensional
subspace T’




flats and design
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sketch of proof

O

) @
e o
e o

O Flat
inclusion relation

t-1dimensional
,/ subspace [

/

>« ldimensional
O subspace &



flats and design
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sketch of proof

T

/

N

Flat
inclusion relation

t-1dimensional
,/ subspace [

= T + F

N ldimensional
subspace &



flats and design
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sketch of proof

Flat
inclusion relation

t-dimensional
subspace



flats and design 30

, NEF" € F with r(F') =r(F) + 1

inclusion relation

t-dimensional
subspace



https://texclip.marutank.net/#s=Let%20%24E%24%20be%20a%20finite%20dimension%20vectorspace%20over%20%24%5Cmathbb%7BF%7D_q%24%20and%20%24%5Cmathcal%7BF%7D%20%5Csubseteq%20%5Cmathcal%7BL%7D(E)%24.%20We%20define%20the%20flat%20axioms%20as%20follows%3A%0A%0A%5Cbegin%7Bitemize%7D%0A%20%5Citem%5B(%24q%24F1)%5D%20%24E%20%5Cin%20%5Cmathcal%7BF%7D%24.%20%0A%20%5Citem%5B(%24q%24F2)%5D%20%24%5Cforall%20F_1%2C%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%2C%5C%3A%20F_1%20%5Ccap%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%24.%20%0A%20%5Citem%5B(%24q%24F3)%5D%20%24%5Cforall%20F%20%5Cin%20%5Cmathcal%7BF%7D%2C%5C%3A%5Cforall%20x%20%5Cin%20%0A%20%5Cbegin%7Bbmatrix%7D%0A%20%20E%5C%5C%0A%20%201%20%5C%5C%0A%20%5Cend%7Bbmatrix%7D_q%0A%20%5Csetminus%0A%20%5Cbegin%7Bbmatrix%7D%0A%20%20F%5C%5C%0A%20%201%20%5C%5C%0A%20%5Cend%7Bbmatrix%7D_q%0A%20%2C%5C%3A%20%5Cexists!%20F'%20%5Cin%20%5Cmathcal%7BF%7D%24%20with%20%24r(F')%20%3D%20r(F)%2B1%20%5Cquad%5C%5C%20s.t.%5C%3A%20F%2Bx%20%5Csubseteq%20F'%24.%0A%5Cend%7Bitemize%7D.

flats and design 31

sketch of proof

O Flat
( \ inclusion relation

k_flat llllllllllll .
8 cocoocooo ® O
E
[t_ Jq — t-dimensional

subspace




flats and design

32

sketch of proof

T=F+4+=x

Flat
inclusion relation

t-dimensional
subspace



flats and design
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quZ) VFi,Fo e F, FiNFy € F.

T=F+4+=x

Flat
inclusion relation

t-dimensional
subspace


https://texclip.marutank.net/#s=Let%20%24E%24%20be%20a%20finite%20dimension%20vectorspace%20over%20%24%5Cmathbb%7BF%7D_q%24%20and%20%24%5Cmathcal%7BF%7D%20%5Csubseteq%20%5Cmathcal%7BL%7D(E)%24.%20We%20define%20the%20flat%20axioms%20as%20follows%3A%0A%0A%5Cbegin%7Bitemize%7D%0A%20%5Citem%5B(%24q%24F1)%5D%20%24E%20%5Cin%20%5Cmathcal%7BF%7D%24.%20%0A%20%5Citem%5B(%24q%24F2)%5D%20%24%5Cforall%20F_1%2C%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%2C%5C%3A%20F_1%20%5Ccap%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%24.%20%0A%20%5Citem%5B(%24q%24F3)%5D%20%24%5Cforall%20F%20%5Cin%20%5Cmathcal%7BF%7D%2C%5C%3A%5Cforall%20x%20%5Cin%20%0A%20%5Cbegin%7Bbmatrix%7D%0A%20%20E%5C%5C%0A%20%201%20%5C%5C%0A%20%5Cend%7Bbmatrix%7D_q%0A%20%5Csetminus%0A%20%5Cbegin%7Bbmatrix%7D%0A%20%20F%5C%5C%0A%20%201%20%5C%5C%0A%20%5Cend%7Bbmatrix%7D_q%0A%20%2C%5C%3A%20%5Cexists!%20F'%20%5Cin%20%5Cmathcal%7BF%7D%24%20with%20%24r(F')%20%3D%20r(F)%2B1%20%5Cquad%5C%5C%20s.t.%5C%3A%20F%2Bx%20%5Csubseteq%20F'%24.%0A%5Cend%7Bitemize%7D.
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, NEF" € F with r(F') =r(F) + 1

inclusion relation

t-dimensional
subspace

T=F+4+=x


https://texclip.marutank.net/#s=Let%20%24E%24%20be%20a%20finite%20dimension%20vectorspace%20over%20%24%5Cmathbb%7BF%7D_q%24%20and%20%24%5Cmathcal%7BF%7D%20%5Csubseteq%20%5Cmathcal%7BL%7D(E)%24.%20We%20define%20the%20flat%20axioms%20as%20follows%3A%0A%0A%5Cbegin%7Bitemize%7D%0A%20%5Citem%5B(%24q%24F1)%5D%20%24E%20%5Cin%20%5Cmathcal%7BF%7D%24.%20%0A%20%5Citem%5B(%24q%24F2)%5D%20%24%5Cforall%20F_1%2C%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%2C%5C%3A%20F_1%20%5Ccap%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%24.%20%0A%20%5Citem%5B(%24q%24F3)%5D%20%24%5Cforall%20F%20%5Cin%20%5Cmathcal%7BF%7D%2C%5C%3A%5Cforall%20x%20%5Cin%20%0A%20%5Cbegin%7Bbmatrix%7D%0A%20%20E%5C%5C%0A%20%201%20%5C%5C%0A%20%5Cend%7Bbmatrix%7D_q%0A%20%5Csetminus%0A%20%5Cbegin%7Bbmatrix%7D%0A%20%20F%5C%5C%0A%20%201%20%5C%5C%0A%20%5Cend%7Bbmatrix%7D_q%0A%20%2C%5C%3A%20%5Cexists!%20F'%20%5Cin%20%5Cmathcal%7BF%7D%24%20with%20%24r(F')%20%3D%20r(F)%2B1%20%5Cquad%5C%5C%20s.t.%5C%3A%20F%2Bx%20%5Csubseteq%20F'%24.%0A%5Cend%7Bitemize%7D.
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sketch of proof

T=F+4+=x

Flat
inclusion relation

t-dimensional
subspace
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Theorem

If [lf] C F for all integers i satisfying 0 < i < t — 1, then (F, Fx) is a
q

subspace design t-(n, oy, far (2, K, ?"(E)b) for all integers k satisfyingt < k < r(F)
if k=1, ta(tt,r(E)) =1

Corollary

If [lf] C F for all integers i satisfying 0 < i < ¢t — 1, then (E,F;) is a
q

g-Steiner system S(t, a¢,n; q)



Application of the corollary
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Theorem
M is induced by g¢-Stienr system S(t, k,n)

E. Byrn and others 2022+

g an a-sequence of M is (0,1,--- ,t —1,k,n)

Corollary
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Theorem
M is induced by g¢-Stienr system S(t, k,n)

E. Byrn and others 2022+

@ an a-sequence of M is (0,1,--- ,t —1,k,n)
Corollary
sketch of proof
j_]' T { 7—i—1
. " —q T
|‘FJ|: tM(Oa]:T(E)) :l_o ¢ — ¢ — [?]q ( ta (i, 5, k) = g Z _Za+z
J1q
= (F,F;) is a g-Steiner system S(t, k,n;q) (*. Corollary)

)


https://texclip.marutank.net/#s=%24%24%0A%5Cleft(%5Cbecause%20%0At_M(i%2C%20j%2C%20k)%20%26%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bj%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%0A%5Cright)%0A%24%24
https://texclip.marutank.net/#s=%24%24%0A%20%20%20%20t_M(0%2C%20j%2C%20r(E))%20%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-1%7D%5Cfrac%7Bq%5En-q%5El%7D%7Bq%5Ej-q%5El%7D%3D%0A%20%20%20%20%5Cbegin%7Bbmatrix%7D%0A%20%20%20%20%20%20%20%20n%5C%5C%0A%20%20%20%20%20%20%20%20j%0A%20%20%20%20%5Cend%7Bbmatrix%7D_q%0A%24%24
https://texclip.marutank.net/#s=%24%24%0A%20%20%20%20t_M(0%2C%20j%2C%20r(E))%20%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-1%7D%5Cfrac%7Bq%5En-q%5El%7D%7Bq%5Ej-q%5El%7D%3D%0A%20%20%20%20%5Cbegin%7Bbmatrix%7D%0A%20%20%20%20%20%20%20%20n%5C%5C%0A%20%20%20%20%20%20%20%20j%0A%20%20%20%20%5Cend%7Bbmatrix%7D_q%0A%24%24
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PMD

How to construct
non trivial (g-)PMD

* Projective geometries
« Affine geometries

» Affine triple systems
« Steiner system

q-PMD
 Steiner system
« 777
« 777
« 777

(¥-sequence

the cardinalities of i-flats

the dimensions of i-flats

t-funtion

the number of jflats between an iflat

and a k-flat

the function returns the number of
j-flats between an i-flat and a k-flat

flats and design

If flats have all of the subsets whose

cardinalities are less than t-1,m-flats are
t-design (m > t)

If flats have all of the subsets whose
imensions are less than t-1, m-flats

re t-subspace design (m > t)
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Problems for ¢-PMD

® Are there any other non-trivial g-Steiner systems?

® A g-Steiner system induce a g-PMDI1]
® The only known g-Steiner system is S(2, 3, 13;2) [3]

® Are there ¢-PMDs not induced by g-Steiner systems?

® There are some PMDs not induced by Steiner system
® Projective geometries
® Affine geometries
® Affine triple systems

[1] E. Byrne et al. : Constructions of new Mtroids and Designs over Iy , (2022)
[2] M. Deza

[3] M. Braun et al.: EXISTENCE OF g-ANALOGS OF STEINER SYSTEMS (2013)



Thank you for your kind attention
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PMD

How to construct
non trivial (g-)PMD

* Projective geometries
« Affine geometries

» Affine triple systems
« Steiner system

q-PMD
 Steiner system
« 777
« 777
« 777

(¥-sequence

the cardinalities of i-flats

the dimensions of i-flats

t-funtion

the number of jflats between an iflat

and a k-flat

the function returns the number of
j-flats between an i-flat and a k-flat

flats and design

If flats have all of the subsets whose

cardinalities are less than t-1,m-flats are
t-design (m > t)

If flats have all of the subsets whose
dimensions are less than t-1, m-flats

are t-subspace design (m > t)





https://texclip.marutank.net/#s=Let%20%24(E%2C%20r)%24%20be%20a%20q-matroid.%20A%20subspace%20%24F%24%20of%20%24E%24%20is%20a%20%5Cemph%7Bflat%7D%20if%20and%20only%20if%20for%20all%201-dimensional%20subspace%20%24x%24%20of%20%24E%24%20not%20contained%20in%20%24X%24%2C%0A%24%24r(F%2Bx)%20%3D%20r(F)%2B1%24%24%0Aholds.

The definition of matroid 43

Matroid is a pair (E, r) satisfies (R1), (R2) and (R3).

Definition 1.1. [matroid]

A g-matroid M is a pair (E,r) where r is an inteer-valued function defined
on L(FE) with the following properties:

(

(R1) VA C E,0 < r(A) < |A].

(R2) VA, B C E with A C B, 0 < r(A) < |A].

(R3) VA,BC E, (AU B) + r(AN B) < r(A) + r(B)

Remark 1.2. the function r is called rank function.



flats and design

2.4

e M : qg-PMD
M is induced by ¢-Stienr system S(t, k,n)
E. Byrn and others 2022+ ‘U’ ﬂ Theorem

a-sequence of M is (0, 1, ---t —1,k,n)
sketch of proof



https://texclip.marutank.net/#s=%24%24%0A%5Cleft(%5Cbecause%20%0At_M(i%2C%20j%2C%20k)%20%26%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bj%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%0A%5Cright)%0A%24%24
https://texclip.marutank.net/#s=%24%24%0A%20%20%20%20t_M(0%2C%20j%2C%20r(E))%20%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-1%7D%5Cfrac%7Bq%5En-q%5El%7D%7Bq%5Ej-q%5El%7D%3D%0A%20%20%20%20%5Cbegin%7Bbmatrix%7D%0A%20%20%20%20%20%20%20%20n%5C%5C%0A%20%20%20%20%20%20%20%20j%0A%20%20%20%20%5Cend%7Bbmatrix%7D_q%0A%24%24
https://texclip.marutank.net/#s=%24%24%0A%20%20%20%20t_M(0%2C%20j%2C%20r(E))%20%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-1%7D%5Cfrac%7Bq%5En-q%5El%7D%7Bq%5Ej-q%5El%7D%3D%0A%20%20%20%20%5Cbegin%7Bbmatrix%7D%0A%20%20%20%20%20%20%20%20n%5C%5C%0A%20%20%20%20%20%20%20%20j%0A%20%20%20%20%5Cend%7Bbmatrix%7D_q%0A%24%24

Thank you for your kind attention.

e PMD

® (-sequences

® represents the numbers of elements in one i-flat
® ¢-functions

® determine the number of i-flats of g-PMD
® flats and design
® in some conditions, flats are the block of t-design

@ q—PMD

® (-sequences

® represents the dimension of one i-flat
® ¢-functions

® determine the number of i-flats of g-PMD
® flats and ¢-subspace design

® in some conditions, flats are the blocks of a t-subspace design
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b

%N ® Flat

inclusion relation

k-flat wsssssnauns ® 6 o6 o6 o o o o
i t-(n: ak:tM(tﬁ k:r(E)QQ))
t-flat samssssms ® © © © o o o o o ‘} S(t,at,n;q)
[ E ] llllllllllllll ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ N
t—1], . All of the

subspaces of E

whose dimensions
are less than t.

<=0




The definition of matroid

g-Matroid is a pair (E, r) satisfies (qR1), (qR2) and (qR3).

Definition 1.1. [g-matroid]

(qR1) VA € L(E), 0 <r(A) <dimA.
(¢qR2) VA, B € L(F) with A C B, r(A) < r(B).
(gqR3) VA,Be€ L(E),r(A+ B)+r(ANB) <r(A) +r(B)

Remark 1.5. The function r is called rank function of M.


https://texclip.marutank.net/#s=%5Cbegin%7Bitemize%7D%0A%20%20%20%20%5Citem%5B(%24q%24R1)%5D%20%24%5Cforall%20A%20%5Cin%20%5Cmathcal%7BL%7D(E)%24%2C%5C%3A%20%240%20%5Cleq%20r(A)%20%5Cleq%20%5Cdim%7BA%7D%24.%0A%20%20%20%20%5Citem%5B(%24q%24R2)%5D%20%24%5Cforall%20A%2C%20B%20%5Cin%20%5Cmathcal%7BL%7D(E)%24%20with%20%24A%20%5Csubseteq%20B%24%2C%5C%3A%20%24r(A)%20%5Cleq%20r(B)%24.%0A%20%20%20%20%5Citem%5B(%24q%24R3)%5D%20%24%5Cforall%20A%2C%20B%20%5Cin%20%5Cmathcal%7BL%7D(E)%24%2C%5C%3A%24r(A%2BB)%2Br(A%20%5Ccap%20B)%20%5Cleq%20r(A)%20%2B%20r(B)%24%0A%5Cend%7Bitemize%7D

Flat

48

Remark 1.5.

We denote F as the set of flats.

® |f aflat F'satisfies »(F') =4, F' is called z-flat.
® The collection of 7 -flat is denoted by F; .



g-steiner system induces ¢-PMD
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Theorem (€. Byrn et al. 2022+)
o (E,B): g-Steiner system S(t, k, n)

Let F be defined as follows:
é N

F:=4()B|SCB;.
\ BES /

Then, there exists a ¢-PMD whose ground set 1s £ and the flats are F.

Remark

® The a-sequenceis (0,1,---t—1,k,n).



The flats of g-matroid satisfy (qF1), (qF2) and (gF3) 50

g-matroid matroid
1staxiom (¢F1) E € F (¢F1) E € F
ndaxiom | (qF2) Fi,Fo € F= FiNF, € F (qF2) Fi,Fob € F= FiNFy € F
E
556 e (¢F3) FEFJCUE[lL\[ (¢F3) Fe F,e € E— X

= F' € Fr(rpy+1

F4+2xCF’

:>E|!F!€fr(p)_|_1 st. FUx CF’

[1] E. Byrne, M.Ceria, S. lonica, R. Jurrius : Constructions of new Mtroids and Designs over IF, , (2022)


https://texclip.marutank.net/#s=%0A%5Cbegin%7Bitemize%7D%0A%5Citem%5B(%24q%24F1)%5D%20%24E%20%5Cin%20%5Cmathcal%7BF%7D%24%0A%5Citem%5B(%24q%24F2)%5D%20%24F_1%2C%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%20%5CRightarrow%20F_1%20%5Ccap%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%24%0A%5Citem%5B(%24q%24F3)%5D%20%24F%20%5Cin%20%5Cathcal%7BF%7D%2C%20x%20%5Cin%20%0AE-X%0A%5C%5C%20%5CRightarrow%0A%5Cexists!%20F'%20%5Cin%20%5Cmathcal%7BF%7D_%7Br(F)%2B1%7D%20%5Cquad%20s.t.%5Cquad%20F%5Ccup%20x%20%5Csubseteq%20F'%24%0A%5Cend%7Bitemize%7D%0A
https://texclip.marutank.net/#s=%0A%5Cbegin%7Bitemize%7D%0A%5Citem%5B(%24q%24F1)%5D%20%24E%20%5Cin%20%5Cmathcal%7BF%7D%24%0A%5Citem%5B(%24q%24F2)%5D%20%24F_1%2C%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%20%5CRightarrow%20F_1%20%5Ccap%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%24%0A%5Citem%5B(%24q%24F3)%5D%20%24F%20%5Cin%20%5Cathcal%7BF%7D%2C%20x%20%5Cin%20%0A%5Cbegin%7Bbmatrix%7D%0AE%20%5C%5C%0A1%0A%5Cend%7Bbmatrix%7D_q%0A%5Csetminus%20%0A%5Cbegin%7Bbmatrix%7D%0AF%20%5C%5C%0A1%0A%5Cend%7Bbmatrix%7D_q%0A%5C%5C%20%5CRightarrow%0A%5Cexists!%20F'%20%5Cin%20%5Cmathcal%7BF%7D_%7Br(F)%2B1%7D%20%5Cquad%20s.t.%5Cquad%20F%2Bx%20%5Csubseteq%20F'%24%0A%5Cend%7Bitemize%7D%0A
https://texclip.marutank.net/#s=%0A%5Cbegin%7Bitemize%7D%0A%5Citem%5B(%24q%24F1)%5D%20%24E%20%5Cin%20%5Cmathcal%7BF%7D%24%0A%5Citem%5B(%24q%24F2)%5D%20%24F_1%2C%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%20%5CRightarrow%20F_1%20%5Ccap%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%24%0A%5Citem%5B(%24q%24F3)%5D%20%24F%20%5Cin%20%5Cathcal%7BF%7D%2C%20x%20%5Cin%20%0AE-X%0A%5C%5C%20%5CRightarrow%0A%5Cexists!%20F'%20%5Cin%20%5Cmathcal%7BF%7D_%7Br(F)%2B1%7D%20%5Cquad%20s.t.%5Cquad%20F%5Ccup%20x%20%5Csubseteq%20F'%24%0A%5Cend%7Bitemize%7D%0A
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an exapmple of PMD.

Example3

2-flats

1-flats

0-flat
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proof

By (¢F3), for all 1 dimennal subspace x of F}, there are unique 7 + 1 flat
that includs # and F;. Now, we count the number of the pair of ¢ + 1-flat and
1 dimensional subspace of them by 2 ways.



A t-function of a g-PMD. 53

We can prove these identities by following the way P. Young and J. Edmond did for normal PMD.

Lemma [Properties of ¢ -function]
Let M = (E,r) be a ¢-PMD with the t-function ¢5;. The followings hold:

(TO) tar(i,2,k) =1, for 0 <i <k <r(FE).
(T1) t27(0,1,7 + 1) > tps(0,1,5), for 0 < i < +(E) — 1.

(T2) tar(iyi+1,k) = f2OLBtCLD - for 0 < i < k < r(E).

(T3) tar(i, j, k) = PUELHBELED for 0 < i <1< j <k < r(E),



Some parameters of PMD. 54

proof

By (¢F3), for all 1 dimennal subspace x of F}, there are unique 7 + 1 flat
that includs x and F;. Now, we count the number of the pair of 2 + 1-flat and
1 dimensional subspace of them. We define

F;
C:= {(FHl,a,) | Ffi+1 & F@+1(Fi,Fk)/\CL c [ 1+1] }
q

Let t = |Fir1(F;, Fi)|. then |C| =1t [alk]
q


By ($q$F3),  for all 1 dimennal subspace $x$ of $F_k$, there are unique $i+1$ flat that includs $x$ and $F_i$. Now, we count the number of the pair of $i+1$-flat and $1$ dimensional subspace of them.

For example, what is the matorid? 55

r(X) = min(| X |, k) Is an example of rank function.

Examplel.3. [The uniform matroid]

Let E be a finite set with n elements and k& be a integer satisfying 0 < k <
n.We define the rank function r as follow:

r(X) = min(| X |, k).

Then, the pair (F,r) is a matroid.



Lattice of flats
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(¢F1)

Flat
inclusion relation
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(gF2)

NS

1 -
® 6 o6 o6 o6 o o o

F

) 2
® O ¢ o o o o o o o

M

Flat
inclusion relation
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(gF2)

Flat
inclusion relation
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" %N

flats of rank i +1 ® o ©o Q- ® o o o

| F
flatsofranki @ e e e @ © e e e ©

M

Flat
inclusion relation
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(qF3)

flats of rank i +1

flats of rank i

O

@ & o & o ¢ o o

@) Flat

inclusion relation

one-dimensional
® subspace not
contained in F
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(qF3)

O
O Flat
inclusion relation
flats of rank i +1 O O O O O O O
flats of ranki @ O O O O O O O O

one-dimensional

subspace not
@ ©© o o o o o o X  contained in F



The flats of g-PMD are easily counted.
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proof

1-dimensional
subspaces of Fi..

S O ==
N N e Sl e R R S G
o o O O

-
=
| —

i+1 flat in Fia1(F, Fr) .


https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24

The flats of g-PMD are easily counted.
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proof
Fitq

[ 1 1 17
1 1 1 1

z |1 @ 11
1 0 0 0 . .

1-dimensional

1 . L . subspaces of F;
0 1 0 0 ke
0 1 0 0
0 0 0 1
0 0 0o 1] |

i+1 flat in f@+1(F?;; Fk) .

1..

- x C Ffi_|_1

'ngi—l—l
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The flats of g-PMD are easily counted.

proof
Fiiq
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1 1 1 1
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i+1 flat in f@+1(F?;; Fk) .

1-dimensional
subspaces of Fi..

1..

- x C Ffi_|_1

'ngi—l—l


https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24
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The flats of g-PMD are easily counted.
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https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24
https://texclip.marutank.net/#s=%24%7C%5Cmathcal%7BF%7D_%7Bi%2B1%7D(F_i%2C%20F_k)%7C%0A%5Cbegin%7Bbmatrix%7D%0A%20%5Calpha_%7Bi%2B1%7D%5C%5C%0A%201%0A%5Cend%7Bbmatrix%7D_q%0A%24
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https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24
https://texclip.marutank.net/#s=%24%7C%5Cmathcal%7BF%7D_%7Bi%2B1%7D(F_i%2C%20F_k)%7C%0A%5Cbegin%7Bbmatrix%7D%0A%20%5Calpha_%7Bi%2B1%7D%5C%5C%0A%201%0A%5Cend%7Bbmatrix%7D_q%0A%24

The flats of g-PMD are easily counted.
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https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24
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https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24
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https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24

A t-function of a ¢-PMD.
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Corollary [ ¢-function]

Let M be a ¢-PMD with flats F and F;, I; are an i-flat and a
k-flat respectively with I; € F; .

We define t-function of M as follows:

tM(?::jak) = |‘F](F’MF:LJ)|



The flats of g-PMD are easily counted. 72

Flat axiom

Definition 1.7.

Let F be a finite dimension vectorspace over F, and F C L(F). We define
flat axioms as follows:

(gFl) E € F.
(qF2) YF\,Fy € F, F{ N F; € F.

1 1
st. F+x CF'.

(qF3) VF € F, Va € [E] \ [F] ' € F with r(F') = r(F) + 1
q q


https://texclip.marutank.net/#s=Let%20%24E%24%20be%20a%20finite%20dimension%20vectorspace%20over%20%24%5Cmathbb%7BF%7D_q%24%20and%20%24%5Cmathcal%7BF%7D%20%5Csubseteq%20%5Cmathcal%7BL%7D(E)%24.%20We%20define%20flat%20axioms%20as%20follows%3A%0A%0A%5Cbegin%7Bitemize%7D%0A%20%5Citem%5B(%24q%24F1)%5D%20%24E%20%5Cin%20%5Cmathcal%7BF%7D%24.%20%0A%20%5Citem%5B(%24q%24F2)%5D%20%24%5Cforall%20F_1%2C%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%2C%5C%3A%20F_1%20%5Ccap%20F_2%20%5Cin%20%5Cmathcal%7BF%7D%24.%20%0A%20%5Citem%5B(%24q%24F3)%5D%20%24%5Cforall%20F%20%5Cin%20%5Cmathcal%7BF%7D%2C%5C%3A%5Cforall%20x%20%5Cin%20%0A%20%5Cbegin%7Bbmatrix%7D%0A%20%20E%5C%5C%0A%20%201%20%5C%5C%0A%20%5Cend%7Bbmatrix%7D_q%0A%20%5Csetminus%0A%20%5Cbegin%7Bbmatrix%7D%0A%20%20F%5C%5C%0A%20%201%20%5C%5C%0A%20%5Cend%7Bbmatrix%7D_q%0A%20%2C%5C%3A%20%5Cexists!%20F'%20%5Cin%20%5Cmathcal%7BF%7D%24%20with%20%24r(F')%20%3D%20r(F)%2B1%20%5Cquad%5C%5C%20s.t.%5C%3A%20F%2Bx%20%5Csubseteq%20F'%24.%0A%5Cend%7Bitemize%7D.

The flats of g-PMD are easily counted.
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https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24

The flats of g-PMD are easily counted.
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https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24

The flats of g-PMD are easily counted.
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proof
1 1 : 1 17
1 1 1
; ; — F;
1 1 1 1
1 0 0 0|
1 0 0 0
0 1 0 ol _— X
0 1 0 0
0 0 0 1
0 0 0 1]
| ] The number of 1
|

i+1 flat in ]:g;Jrl(Fg;, Fk)

Fira (B, B [

Qg

1

|

893

1

|

1

I


https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24

The flats of g-PMD are easily counted.
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proof

1 1 1 1
1 1 1 1
1 1 1 1
1L U U U
1 0 0 0
0 I 0 0
0 ] 0 0
0 0 0 1
U U U 1

The number of 1

_ ] dimensional
subspace of

Fira (B, B [

Qg

1

|

893

1

|

1

T



https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24

The flats of g-PMD are easily counted.
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proof

p— s e .

0%
FenF Rl x |7 |-
q

| Fiva1 (Fy, Fi)| % [ ‘

c | Fir1(Fi, Fy)| =

qaz’Jrl — qaz’



https://texclip.marutank.net/#s=%24%24%0D%0A%5Cbegin%7Bbmatrix%7D%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%20%5Ccdots%20%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%201%20%26%26%201%20%20%26%26%5Ccdots%26%26%201%20%26%26%201%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%201%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%200%20%26%26%201%20%20%26%26%5Ccdots%26%26%200%20%26%26%200%20%5C%5C%0D%0A%20%20%20%20%5Cvdots%20%20%26%26%20%5Cvdots%20%26%26%5Cvdots%26%26%20%5Cvdots%20%26%26%20%5Cvdots%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%20%20%20%200%20%26%26%200%20%20%26%26%5Ccdots%26%26%200%20%26%26%201%20%5C%5C%0D%0A%5Cend%7Bbmatrix%7D%0D%0A%24%24
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%7C%5Cmathcal%7BF%7D_%7Bi%2B1%7D(F_i%2C%20F_k)%7C%0A%5Ctimes%0A%5Cbegin%7Bbmatrix%7D%0A%5Calpha_%7Bi%2B1%7D%20%5C%5C%0A1%0A%5Cend%7Bbmatrix%7D_q%0A%26%3D%0A%7C%5Cmathcal%7BF%7D_%7Bi%2B1%7D(F_i%2C%20F_k)%7C%20%5Ctimes%0A%5Cbegin%7Bbmatrix%7D%0A%20%20%5Calpha_%7Bi%7D%20%5C%5C%0A%20%201%0A%5Cend%7Bbmatrix%7D_q%0A%2B%0A%5Cbegin%7Bbmatrix%7D%0A%20%20%5Calpha_%7Bk%7D%20%5C%5C%0A%20%201%0A%5Cend%7Bbmatrix%7D_q%0A-%0A%5Cbegin%7Bbmatrix%7D%0A%20%20%5Calpha_%7Bi%7D%20%5C%5C%0A%20%201%0A%5Cend%7Bbmatrix%7D_q%20%5C%5C%0A%5Ctherefore%20%7C%5Cmathcal%7BF%7D_%7Bi%2B1%7D(F_i%2C%20F_k)%7C%20%26%3D%20%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bi%2B1%7D%7D%20-%20q%5E%7B%5Calpha_i%7D%7D%0A%5Cend%7Balign*%7D%0A

A t-function of a g-PMD. 78

We can prove these identities by following the way P. Young and J. Edmond did for normal PMD.

Lemma [Properties of ¢ -function]
Let M = (E,r) be a ¢-PMD with the t-function ¢5;. The followings hold:

(TO) tar(i,2,k) =1, for 0 <i <k <r(FE).
(T1) t27(0,1,7 + 1) > tps(0,1,5), for 0 < i < +(E) — 1.

(T2) tar(iyi+1,k) = f2OLBtCLD - for 0 < i < k < r(E).

(T3) tar(i, j, k) = PUELHBELED for 0 < i <1< j <k < r(E),



How to calculate t-function.

79

(T3) tar(i, j k) = PG00

b for 0<i<l1<j<k<nr(E).

tM(?‘:'!:J)

tam(ii+1,7)

tM(?:aja k)

tar(i+ 1,7, k)


https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0At_M(i%2C%20j%2C%20k)%20%26%3D%20%5Cfrac%7Bt_M(i%2C%20i%2B1%2C%20k)%7D%7Bt_M(i%2C%20i%2B1%2C%20j)%7Dt_M(i%2B1%2C%20j%2C%20k)%20%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%3D%20%5Cfrac%7Bt_M(i%2C%20i%2B1%2C%20k)%7D%7Bt_M(i%2C%20i%2B1%2C%20j)%7D%5Ccdot%20%5Cfrac%7Bt_M(i%2B1%2C%20i%2B2%2C%20k)%7D%7Bt_M(i%2B1%2C%20i%2B2%2C%20j)%7D%5Ccdot%20t_M(i%2B2%2C%20j%2C%20k)%20%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%5C%3A%5C%3A%5Cvdots%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bt_M(i%2Bl%2C%20i%2Bl%2B1%2C%20k)%7D%7Bt_M(i%2Bl%2C%20i%2Bl%2B1%2C%20j)%7D%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bi%2Bj%2B1%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%5Ccdot%5Cfrac%7Bq%5E%7B%5Calpha_%7Bi%2Bj%2B1%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_j%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bj%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%0A%5Cend%7Balign*%7D

How to calculate t-function.
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(T3) tar (i, j, k) = LelbbRinLIR) g 0 < << j<k<r(E)

tM(z:l:J)

ta(e, 7. k) =
M(?’:ja ) tM(Z,Z+1,j)

B tM(?:,?:—F 1,]6)

tar(i 41,0+ 2, k)

~ ta(iyi+ 1, 7)

j—i—1

tag (i 20k
t G+ 1,5+ 2, ) m(i+2,5,k)

[=0

IItM@+ai+L+Lm


https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0At_M(i%2C%20j%2C%20k)%20%26%3D%20%5Cfrac%7Bt_M(i%2C%20i%2B1%2C%20k)%7D%7Bt_M(i%2C%20i%2B1%2C%20j)%7Dt_M(i%2B1%2C%20j%2C%20k)%20%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%3D%20%5Cfrac%7Bt_M(i%2C%20i%2B1%2C%20k)%7D%7Bt_M(i%2C%20i%2B1%2C%20j)%7D%5Ccdot%20%5Cfrac%7Bt_M(i%2B1%2C%20i%2B2%2C%20k)%7D%7Bt_M(i%2B1%2C%20i%2B2%2C%20j)%7D%5Ccdot%20t_M(i%2B2%2C%20j%2C%20k)%20%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%5C%3A%5C%3A%5Cvdots%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bt_M(i%2Bl%2C%20i%2Bl%2B1%2C%20k)%7D%7Bt_M(i%2Bl%2C%20i%2Bl%2B1%2C%20j)%7D%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bi%2Bj%2B1%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%5Ccdot%5Cfrac%7Bq%5E%7B%5Calpha_%7Bi%2Bj%2B1%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_j%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bj%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%0A%5Cend%7Balign*%7D

How to calculate t-function.

. q"F —q
by Lemma ta (2,5 + 1, k) == [ Fipr(Fs, Fr)| = ——
t k) = t 1,7,k
M(?’:ja ) tM(3,3+1,j) M(?’_l_ s Js )
tpme, e +1,k) typyle+1,04+ 2,k
tpm (i +1,7) tm(i+ 1,04 2,7)
j—i—1 . .
H tp(t+1Li+14+1,k)
o tu(i i+ l+1,5)
jﬁl qak —q%+z q%+j+1 _ Of«e,+z 3ﬁ1 a’i—H
o r gqititl — i+l qYi — qit e q*i — qi+t


https://texclip.marutank.net/#s=Let%20%24M%3D(E%2C%20r)%24%20be%20a%20%24q%24-PMD%20with%20the%20flats%20%24%5Cmathcal%7BF%7D%24%20and%20%24%5C%7B%5Calpha_i%5C%7D_%7Bi%3D0%7D%5E%7Br(E)%7D%24%20be%20an%20%24%5Calpha%24-sequence%20of%20%24M%24.%20We%20suppose%20that%20integers%20%24i%2Ck%24%20satisfy%20%240%20%5Cleq%20i%20%5Cleq%20k%20%5Cleq%20n%24%20and%20%24i%24-flat%20%24F_i%24%20and%20%24k%24-flat%20%24F_i%24%20satisfy%20%24F_i%20%5Csubseteq%20F_k%24.%20Then%2C%20%0A%24%24%0A%7C%5Cmathcal%7BF%7D_%7Bi%2B1%7D(F_i%2C%20F_k)%7C%20%3D%20%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bi%2B1%7D%7D%20-%20q%5E%7B%5Calpha_i%7D%7D%0A%24%24%0Aholds.
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0At_M(i%2C%20j%2C%20k)%20%26%3D%20%5Cfrac%7Bt_M(i%2C%20i%2B1%2C%20k)%7D%7Bt_M(i%2C%20i%2B1%2C%20j)%7Dt_M(i%2B1%2C%20j%2C%20k)%20%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%3D%20%5Cfrac%7Bt_M(i%2C%20i%2B1%2C%20k)%7D%7Bt_M(i%2C%20i%2B1%2C%20j)%7D%5Ccdot%20%5Cfrac%7Bt_M(i%2B1%2C%20i%2B2%2C%20k)%7D%7Bt_M(i%2B1%2C%20i%2B2%2C%20j)%7D%5Ccdot%20t_M(i%2B2%2C%20j%2C%20k)%20%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%5C%3A%5C%3A%5Cvdots%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bt_M(i%2Bl%2C%20i%2Bl%2B1%2C%20k)%7D%7Bt_M(i%2Bl%2C%20i%2Bl%2B1%2C%20j)%7D%5C%5C%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%26%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bi%2Bj%2B1%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%5Ccdot%5Cfrac%7Bq%5E%7B%5Calpha_%7Bi%2Bj%2B1%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_j%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%3D%20%5Cprod_%7Bl%3D0%7D%5E%7Bj-i-1%7D%5Cfrac%7Bq%5E%7B%5Calpha_k%7D%20-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%7Bq%5E%7B%5Calpha_%7Bj%7D%7D-%20q%5E%7B%5Calpha_%7Bi%2Bl%7D%7D%7D%0A%5Cend%7Balign*%7D

Appendix
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Known g-PMDs.

(x -Sequence

Fr(E)—1

description

(0,1,--- ,k—1,n)

uniform g-matroid Uy, 5, [Fq]

(0,m, lm)

S(1,m,lm;q)

split of vector space

(0, 1, 3, 13)

5(2,3,13;2)

only known non-trivial g-PMD 1]

Iy
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