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Transitive sets

t-transitive subgroup Y:
For a;,...,a: and by, ..., by distinct we find y € Y such that

31'1)[)1, ,atébt.

t-transitive subset Y:

For aj,...,a; and by, ..., by distinct the number of y € Y with
alébl, ,at}l)bt

is constant.

t-homogeneous subset Y

For a;,...,a: and by, ..., by distinct the number of y € Y with

{31,...,at}|l>{b1,...,bt}

is constant.
t-transitivity: A= (n—1t,1,...,1)
t-homogeneity: A = (n — t, t)
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Association schemes

e Association scheme (X, R): Finite set X and partition R of X x X
e Classical codes: Hamming scheme
Classical block designs: Johnson scheme

— unifiying framework to study codes and designs
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Designs in association schemes

e Y C X: inner distribution (ag, a1, . . .)
dual distribution (ap, aj,...)

e D-code: d¢D —=— ay;=0
T-design:t € T = a, =0
o If T={1,...,t}, then T-designs in the ...

... Hamming scheme are orthogonal arrays
... Johnson scheme are combinatorial designs

This motivates the present general definition [of T-designs], the 'conjecture’

being that T-designs will often have interesting properties.

— Delsarte’s thesis, 1973
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Association schemes from groups

Conjugacy class scheme of a finite group G:

o X =G,

e dual distribution indexed by irreducible characters x1,..., Xm-
Dual distribution of Y C G:

= xk(1) D xu(x7y)

x,yeY

Conjugacy class scheme of S,:
L4 X = Sny

e irreducible characters indexed by partitions of n.
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Theorem [Martin, Sagan 2006]

Let A be a partition of nand D C S,,. Then:
D is A-transitive <= a, = 0 for all A < 1 # (n).

y

Theorem [Livingstone, Wagner 1965]

If a subgroup D C S, is t-homogeneous for 1 < t < n/2, then it is also
(t — 1)-homogeneous.

Corollary [Martin, Sagan 2006]

If D C S, is A-transitive and A\ < p, then D is also u-transitive.

(n—t,t) < (n—t+1,t—1) forl <t <n/2 - J o
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— 7

(complex regular polytope)

C225n Crzsn
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Transitivity in C.1 S,

(A, k)-transitive set of symmetries «— design in G, S,

(11,1) (111,0)
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Algebraic characterisation

e Irreducible characters of C, 1S, indexed by r-partitions (o, ..., a,)
of n

e Transitivity types indexed by (), k)

e Need a relation — that identifies which entries in the dual distribution
are 0

e Mayer 1975: Relation — for Coxeter groups A, B, D
e Relation — defined algorithmically
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Characterisation of designs in C, 1 S,

Theorem [Martin, Sagan 2006]

Let A be a partition of nand D C S,,. Then:
D is A-transitive <= a, = 0 for all A < pu # (n).
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Theorem [K., Schmidt 2023]
Let D C C. 1 S,,. Then:

D is (X, k)-transitive <= a(,, =0 forall (a,...,ar) # (n,0,....0)
with

(A k) = (o, .., ap).
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Characterisation of designs in C,@ S,
Theorem [Martin, Sagan 2006]

Let A be a partition of nand D C S,,. Then:
D is A-transitive <= a, = 0 for all A < pu # (n).

Theorem [K., Schmidt 2023]
Let D C C. 1 S,,. Then:

D is (X, k)-transitive <= a(,, =0 forall (a,...,ar) # (n,0,....0)
with

(A k) = (o, .., ap).

Theorem also works for any finite abelian group G instead of C,
Theorem also works for more general transitivity types
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Comparing designs
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Comparing designs

Theorem [Martin, Sagan 2006]

If D C S, is A-transitive and A\ < p, then D is also u-transitive.
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Comparing designs

Theorem [Martin, Sagan 2006]

If D C S, is A-transitive and A\ < p, then D is also u-transitive.

Theorem [K.,Schmidt 2023]

If D C G 1S, is (A, k)-transitive, then D is also (u, /)-transitive if and only if

k <land AU (k) < puU(/).
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Comparing designs

Theorem [Martin, Sagan 2006]

If D C S, is A-transitive and A\ < p, then D is also u-transitive.

Theorem [K.,Schmidt 2023]

If D C G 1S, is (A, k)-transitive, then D is also (u, /)-transitive if and only if

k <land AU (k) < puU(/).
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Construction
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Construction

Interpret C, ! S, as coloured permutations:
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Interpret C, ! S, as coloured permutations:
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Interpret C, ! S, as coloured permutations:

A-transitive set in S,
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Interpret C, ! S, as coloured permutations:

A-transitive set in S, + orthogonal array
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Interpret C, ! S, as coloured permutations:

112134

A-transitive set in S, + orthogonal array = A-transitive set in C, ! S,
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Interpret C, ! S, as coloured permutations:

112134

A-transitive set in S, + orthogonal array = A-transitive set in C, ! S,

e S, recursive construction by Martin and Sagan
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Interpret C, ! S, as coloured permutations:

112134

A-transitive set in S, + orthogonal array = A-transitive set in C, ! S,
e S, recursive construction by Martin and Sagan

e orthogonal arrays: existence by Kuperberg, Lovett and Peled
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Thank you for your attention!
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The relation —

In G310 510 we have (4211,2) — (3,211, 3) because
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The relation —

In G310 510 we have (4211,2) — (3,211, 3) because
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The relation —

In G310 510 we have (4211,2) — (3,211, 3) because

(4211) (2)

[ ] [[]

|
[]
o] LT
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The relation —

In G310 510 we have (4211,2) — (3,211, 3) because

(4211) (2)

[ ] [[]

-
[>] | ]
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The relation —

In G310 510 we have (4211,2) — (3,211, 3) because

(4211) (2)

[ ] [[]
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The generalised symmetric group
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The generalised symmetric group

15,2 C"x S,

e 'coloured permutations’
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The generalised symmetric group

15,2 C"x S,

e 'coloured permutations’

Sa: | 1]|2|3]4
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The generalised symmetric group

15,2 C"x S,

e 'coloured permutations’

Sa: | 1|2|3|4]| — [2|1]4]3
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The generalised symmetric group

15,2 C"x S,

e 'coloured permutations’

Sa: | 1|2|3|4]| — [2|1]4]3

G318,
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The generalised symmetric group

15,2 C"x S,

e 'coloured permutations’

Sy 1(21314] — [2]1]14]3
112|3]|4
G318,
112|3]|4
112(3]|4
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The generalised symmetric group

15,2 C"x S,

e 'coloured permutations’

Sy 1(21314] — [2]1]14]3
112|3]|4 21114(3

G318,
1(2)13|14] — [2]1]14]3
112(3]|4 21413
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The generalised symmetric group
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e 'coloured permutations’
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112(3]|4 21413
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The generalised symmetric group

15,2 C"x S,

e 'coloured permutations’

Sy 1(21314] — [2]1]14]3
112|3]|4 21114(3

G318,
1(2)13|14] — [2]1]14]3
112(3]|4 211413
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Construction
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Construction

A-transitive set in S,
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Construction

A-transitive set in S, + orthogonal array
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Construction

A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

RHlWINWIN]| -
WIN|P|PRWwN
NfRWIN][F~]W
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

1(2]3
213(1
3112
21113
312(1
1(3]2
(111)
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

1(2]3

213(1

3112

21113 +

312(1

1(3]2
(111)
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

1[2]3

123
1[2]3

1]2]3 1[2]3

231

3|12 B

ARE -

3[2]1

132

(111)
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

RIIRrIRPIRPRIWWWw W

WIWWIWIN[NININ

NININNIN|RFPRPR PR

—lw|d|w|of -
ARSI Y S RV I
=] v ~|w
+
Il

(111)
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

123
123

123
1]2]3 123
2|31 2|31
3[1]2 2|31
AREIE 1231
3[2]1 2|31
1{3]2 3|12

3|12
(111) 312

3|12
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

1]2]3] [2]1]3
1(2[3] [2]1]3
1]2(3] [2]1]3
1[2]3 1]2(3] [2]1]3
2[3(1 2[3]1
3[1]2 o [2]3]1
AREE - [2]3]1
3[2(1 2[3]1
1[3]2 3[1]2
3[1]2
(111) 3[1]2
3[1]2
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

123 213
1(2[3] [2]1]3
123 213
123 1(2]3 213
231 2131 3|21
3|12 2|31 3[21
AREIE [2]3]1 321
3|21 231 3[2(1
132 3|12
3[1(2
(111) 3[1(2
3[1(2
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

123 213
1(2[3] [2]1]3

123 213
123 1(2]3 213
231 2131 3|21
3|12 2|31 3[21
AREIE [2]3]1 321
3|21 231 3[2(1
132 3|12 1(3]2

3[1(2 1[3]2
(111) 312 1[3]2

3[1(2 1[3]2
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A-transitive set in S,, + orthogonal array = A-transitive set in C, ! S,

123 213
1(2[3] [2]1]3
123 213
123 1(2]3 213
231 2131 3|21
3|12 231 3[21
AREIE [2]3]1 321(11’1)
3|21 231 3[2(1
132 3|12 1(3]2
3[1(2 1[3]2
(111) 312 1[3]2
3[1(2 1[3]2
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