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His a subgmpk of & if there is an injective ¢ : V(H) = V(G) such that
uw e E(H) = o@Wwe(lv) e L(G)
G is universal for Z $ HC G for all He X
e.q. K, is universal for {grapks on <n varﬁces}
e.q. f G has o(nlogn) edqges, then it is notk universal for {nwver&ex Er@.@.s}
Why?
® For everyi = 12,.. there is a bree with i vertices of deqree ~ n/i

A R

@ Lf G universal thewn iks d@gre@t sequence is abt least (n,n/2, n/3,...)

° soeG) 2 =Y 2 = Qulogn)
O € o = = niogn
~ g
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What is min{e(G) : G is #-universal |?

Chung & Graham 19%3

There is a graph with 0(n log n) edges that is universal for
H = {n-—-ver&ex &r@.@.s}.l

Friedman & Pippenger 19%6
There is a graph with 0(n) edges that is universal for
H = {nmverﬁex trees of maximum deqree A}‘.

Alon & Capalbo 200%

There is a graph with 0(n°""2) edqes that is universal for
H = {nmver%ex graphs of maxinum deqgree A}‘.

— best possible order of magnitude



For which p is G(N,Fa) H —unmiversal?
° For some p = 0O(1/n), G(Cn,p) is a.a.s. universal for ~ FTiedman & Fippenger 1956
I (n,A) = {nwverﬁex trees of maximum deqree A}‘

, Montgomery 2019
® For some p = O(logn/n), G(n,p) is a.a.s. universal for T (n, A).
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For which p is G(Np) Z'-universal?

% ; : Friedmon & Pi 19%6
® For some p = 0O(1/n), G(Cn,p) is a.a.s5. universal for Tedman & PRSI

I(n, A= {nmverﬁex trees of maximum deqree A}‘

, Montgomery 2019
® For some p = O(logn/n), G(n,p) is a.a.s. universal for T (n, A).

Alon, Cagaibo, Kahajalf’&w&, Rodl,
i © Rucinski & Szemerédi 2000
® For some p =0 7)), G((1 + &)n,p) is a.a.s. universal for
H A(n) = {n-‘ver&ex graphs of maxinmum deqree A}‘
Conlon, Ferber, Nenadov &%

® For some p =00 "2, G((1 + e)n,p) is a.a.s. I p(n)-universal, g Y

- p=Q(n Y8t is necessary
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D-degenerate graphs

o H is D-deqenerate f one can order the vertices such that each vertex
sends < D edges backwards. — &V

o © 07 9 o o o ‘o o
k; hL %3 o e h: Hﬁ

@ E.9.trees are l-degenerate.

o H(n,D):= {n-vertex graphs with degeneracy D}
© H\(n,D):= I \(n) N F(n,D)

3 N 3 : Ferber & Nenadov R01¥%
% “""'OT’ SOVWE p e @(n 1/2D); G(n,p) LS A S, %A(n, D)“MMLVQT’SQLq

i /D) Nenadov 2016
/
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D-degenerate graphs

o H is D-deqenerate f one can order the vertices such that each vertex
sends < D edqges backwards. ‘
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h he hy --- hi h

o H(n,D):= {n-vertex graphs with degeneracy D}
© H\(n,D):= I \(n) N F(n,D)

3 N 3 : Ferber & Nenadov R01¥%
S OT SOVWE p == @(n 1/2D); G(n,p) LS S %A(n, D)“MMLVQT’SQLq

v - Nenadov 2016
® For some p=0(n"""), G((1+e)n,p) is a.a.s. F x(n, D)-universal, 5 g

Question (Alon

Whal is mim{e(G) + G is A mu,mvarsat} for H = H (n,D)?
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A ﬁauv\%EMg lower bound

® Suppose G is #Z(n,D)-universal.
o Count "full" D-deqgenerate graphs (in order) on [n]:

? there are (at least) HZ:D l(k_ 1) > (cn/D)P"

2 How many are there v G7?

P Pick ahy Dn edges and any ordering of the n vertices they spamn.

Dn
PGl (“G))n! < (“G”) n
Dn = Dn

@ So : e(G) > cn* P
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Universality for #Z(n, D)

(Allen, Boticher, L. 2023+)

There exists a graph & with n°~""Ppolylog(n) edqges that is #Z'(n, D)-universal.

0.9+ 0+ J o 0 @itd— 0 & & o

Let H be a D-degenerate graph, L - hi hg

Observation 1: H may have a vertex of degree n-1.

P So ordimarv G(M,F?) wont work when P.‘:O(l)q

e(H) < D

? So # { vertices of deqree > k { < 2Dn/k.

P 1w Par&i&u,tm; # { vertices c:;wf degree > EN % w20
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Remwember: # { vertices in H of deqree > k } < 2Dn/Ie
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Conskruction: Random block model
Remwember: # { vertices in H c:wf deqree > k g < 2Dn/Ie
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Conskruction: Random block model
Remwember: # { vertices in H of deqree > k g < 2Dn/Ie

embed vertices W5 D embed vertices

of degree > n'P

P Sapiigad

s : " edqge pmbabdu&v
o P Rn F+L+L
‘ WM‘ ~ n (M ~ loglogn) = S
i & 21D
py ~ n~ 1P P Ee(W,W)~n
| W‘ ~ nl—l/Dj
embed vertices of degree <A =37 ] ¢ o o J

2 G(Cn,p,,) ts Z \(n, D)-universal
(Nenadov 2016)
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Construction gives (with extra work) C = (1 + é)n.

2 Caln we »fi;v\d a construction where & has n vertices?
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® Almost the same bound as for Z,(n, D)-universality,

2 When is G(n,p) universal for #,\(n)?
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® We proved: n*~"Ppolylog(n) edqes are sufficient ko find an
A (n, D)-universal graph G.

@ This & has Cn vertices,
Construction gives (with extra work) C = (1 + é)n.

2 Can we »fi;v\d a construction where & has n vertices?

P Can we remove the Patjlag(v\) factor?
® Almost the same bound as for #,(n, D)-universality,

§ A 2
P When is G(n, p) universal for 7 ,(n): Thoia ke jaug



