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• Markoff equation:  𝑥2 + 𝑦2 + 𝑧2 = 𝑥𝑦𝑧

• Trivial solutions:  𝑥, 𝑦, 𝑧 = 0,0,0 , (3,3,3)

• ℳ ℤ≥0 ≔ { 𝑥, 𝑦, 𝑧 ∈ ℤ≥0
3 ∣ 𝑥2 + 𝑦2 + 𝑧2 − 𝑥𝑦𝑧 = 0}

• ℳ∗ ℤ≥0 ≔ℳ ℤ≥0 ∖ {(0,0,0)}
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Markoff equation & Vieta operations

• Vieta operation: an involution 𝑅𝑖 ∶ ℳ
∗ ℤ≥0 →ℳ∗ ℤ≥0 (𝑖 = 1,2,3) s.t.

𝑅1 𝑥, 𝑦, 𝑧 ≔ 𝑦𝑧 − 𝑥, 𝑦, 𝑧

𝑅2 𝑥, 𝑦, 𝑧 ≔ 𝑥, 𝑥𝑧 − 𝑦, 𝑧

𝑅3 𝑥, 𝑦, 𝑧 ≔ 𝑥, 𝑦, 𝑥𝑦 − 𝑧
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• Vieta operation: an involution 𝑅𝑖 ∶ ℳ
∗ ℤ≥0 →ℳ∗ ℤ≥0 (𝑖 = 1,2,3) s.t.

𝑅1 𝑥, 𝑦, 𝑧 ≔ 𝑦𝑧 − 𝑥, 𝑦, 𝑧

𝑅2 𝑥, 𝑦, 𝑧 ≔ 𝑥, 𝑥𝑧 − 𝑦, 𝑧

𝑅3 𝑥, 𝑦, 𝑧 ≔ 𝑥, 𝑦, 𝑥𝑦 − 𝑧

• The above infinite 3-regular tree has vertex set ℳ∗ ℤ≥0 .  (Markoff 1879, 1880)

Markoff equation & Vieta operations
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(3,3,3) (6,3,3)
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Markoff mod 𝑝 graph 𝐺𝑝

• 𝑝 > 3: prime

• ℳ 𝔽𝑝 ≔ { 𝑥, 𝑦, 𝑧 ∈ 𝔽𝑝
3 ∣ 𝑥2 + 𝑦2 + 𝑧2 − 𝑥𝑦𝑧 = 0}

• ℳ∗ 𝔽𝑝 ≔ℳ 𝔽𝑝 ∖ {(0,0,0)}
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Markoff mod 𝑝 graph 𝐺𝑝

• 𝑝 > 3: prime

• ℳ 𝔽𝑝 ≔ { 𝑥, 𝑦, 𝑧 ∈ 𝔽𝑝
3 ∣ 𝑥2 + 𝑦2 + 𝑧2 − 𝑥𝑦𝑧 = 0}

• ℳ∗ 𝔽𝑝 ≔ℳ 𝔽𝑝 ∖ {(0,0,0)}

• 𝑉 𝐺𝑝 ≔ℳ∗ 𝔽𝑝

• 𝐸 𝐺𝑝 ≔ { 𝑋, 𝑌 ∈ ℳ∗ 𝔽𝑝
2
∣ 𝑅𝑖 𝑋 = 𝑌 for some 𝑖 = 1,2,3}

8

Recall: 

𝑅1 𝑥, 𝑦, 𝑧 ≔ 𝑦𝑧 − 𝑥, 𝑦, 𝑧

𝑅2 𝑥, 𝑦, 𝑧 ≔ 𝑥, 𝑥𝑧 − 𝑦, 𝑧

𝑅3 𝑥, 𝑦, 𝑧 ≔ 𝑥, 𝑦, 𝑥𝑦 − 𝑧



𝐺11
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Rem Vertex with degree= 2  has one loop.



Markoff mod 𝑝 graph 𝐺𝑝

• 𝑉 𝐺𝑝 = 𝑝2 + 3
−1

𝑝
𝑝

10



Markoff mod 𝑝 graph 𝐺𝑝

• 𝑉 𝐺𝑝 = 𝑝2 + 3
−1

𝑝
𝑝

• 𝐺𝑝: 3-regular undirected graph

11



Markoff mod 𝑝 graph 𝐺𝑝

• 𝑉 𝐺𝑝 = 𝑝2 + 3
−1

𝑝
𝑝

• 𝐺𝑝: 3-regular undirected graph

• 𝐺𝑝 may contain loops or multiple edges in general.

12



• 𝑉 𝐺𝑝 = 𝑝2 + 3
−1

𝑝
𝑝

• 𝐺𝑝: 3-regular undirected graph

• 𝐺𝑝 may contain loops or multiple edges in general.

• 𝐺𝑝 is connected for large 𝑝. (Chen 2022, Fuchs et al. 2023)
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• 𝑉 𝐺𝑝 = 𝑝2 + 3
−1

𝑝
𝑝
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Markoff mod 𝑝 graph 𝐺𝑝
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Conjecture (Bourgain-Gamburd-Sarnak 2016)

{𝐺𝑝}𝑝>3:prime  is an expander (i.e. the spectral gap is a positive constant).



Non-planarity of 𝐺𝑝
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Theorem (Courcy-Ireland 2021)

𝐺𝑝 is non-planar if 𝑝 ≠ 7.
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• Non-planarity supports the BGS conjecture (by Separator Thm).
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Non-planarity of 𝐺𝑝

• Non-planarity supports the BGS conjecture (by Separator Thm).

• For large 𝑝:  show that genus 𝐺𝑝 = Ω 𝑝2 > 0 (somewhat implicit…). 

• For small 𝑝:  construct explicit 𝐾3,3-subdivisions.

(systematic constructions are exhibited for 𝑝 that either 𝑝 ≡ 1 mod 4 or −7 ∈ 𝔽𝑝)

• There are infinitely many primes 𝑝 that there is NO known systematic & explicit constructions 

of 𝐾3,3-subdivisions in 𝐺𝑝.

E.g. 𝑝 = 19 (Courcy-Ireland found a 𝐾3,3-subdivision by trial and error.)
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Main result
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Theorem (S.-Yamasaki 2023+)

There exist explicit 𝐾3,3-subdivisions in 𝐺𝑝 for infinitely many 

primes 𝑝 that are not covered in Courcy-Ireland’s theorem. 



Main result

• Our thm holds for:

𝑝 ≡ 6, 11, 14, 19, 24, 26, 29, 34, 44, 54, 56, 69, 71, 76, 79, 89, 94, 96, 99, 101, 104, 106, 109, 111, 116, 126, 129,

134, 136, 149, 151, 161, 171, 176, 179, 181, 186, 191, 194, 199 (mod 205)
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Main result

• Our thm holds for:

𝑝 ≡ 6, 11, 14, 19, 24, 26, 29, 34, 44, 54, 56, 69, 71, 76, 79, 89, 94, 96, 99, 101, 104, 106, 109, 111, 116, 126, 129,

134, 136, 149, 151, 161, 171, 176, 179, 181, 186, 191, 194, 199 (mod 205)

• Uncovered families of primes in Courcy-Ireland’s thm:

𝑝 ≡ 19, 69, 71, 89,99,101,111,⋯ (mod 5740)
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Theorem (S.-Yamasaki 2023+)

There exist explicit 𝐾3,3-subdivisions in 𝐺𝑝 for infinitely many 

primes 𝑝 that are not covered in Courcy-Ireland’s theorem. 



𝐺19
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Rem Vertex with degree= 2  has one loop.



𝐺19
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Rem Vertex with degree= 2  has one loop.



An explicit 𝐾3,3-subdivision in 𝐺19
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Our construction (proof)

• Suppose: 𝛼 ≔ 5 ∈ 𝔽𝑝 &  𝛽 ≔ −34 − 10 5 ∈ 𝔽𝑝 ・・・(∗)
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Our construction (proof)

• Suppose: 𝛼 ≔ 5 ∈ 𝔽𝑝 &  𝛽 ≔ −34 − 10 5 ∈ 𝔽𝑝 ・・・(∗)

• 𝑋1 ≔
−3−𝛼−𝛽

4
,
1+𝛼

2
,
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2
, 𝑋2 ≔
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2
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4
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2
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2
,
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2
,
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4

𝑌1 ≔ 𝑅1 𝑋1 , 𝑌2 ≔ 𝑅2 𝑋2 , 𝑌3 ≔ 𝑅3(𝑋3)
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𝑌1 ≔ 𝑅1 𝑋1 , 𝑌2 ≔ 𝑅2 𝑋2 , 𝑌3 ≔ 𝑅3(𝑋3)

• Verify:  𝑌2 = 𝑅1𝑅2
2 𝑋1 , 𝑌3 = 𝑅1𝑅3

2 𝑋1 , 𝑌1 = 𝑅2𝑅1
2 𝑋2 , 𝑌2 = 𝑅2𝑅3

2 𝑋3 ,

𝑌1 = 𝑅3𝑅1
2 𝑋3 , 𝑌2 = 𝑅3𝑅2

2 𝑋3
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• Which primes satisfy (∗)?:   do number theory 
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Thank you! & Time for lunch…

Conjecture (Bourgain-Gamburd-Sarnak 2016)

{𝐺𝑝}𝑝>3:prime  is an expander (i.e. the spectral gap is a positive constant).
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